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a b s t r a c t

In this paper we investigate a majorization problem for a subclass of p-valently
analytic function involving a generalized fractional differintegral operator. Some useful
consequences of the main result are mentioned and relevance with some of the earlier
results are also pointed out.
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1. Introduction

Let functions f and g are analytic in the open unit disk

U = {z : z ∈ C, |z| < 1}. (1.1)

We say that f is majorized by g in U and write

f (z) ≪ g(z) (z ∈ U), (1.2)

if there exist a function ϕ(z), analytic in U such that

|ϕ(z)| ≤ 1 and f (z) = ϕ(z)g(z) (z ∈ U). (1.3)

Note that majorization is closely related to quasi-subordination [1].
Further, we say that the function f is subordinated to g , and write f (z) ≺ g(z), z ∈ U, if there exists a functionw analytic

in U, with

|w(z)| < 1 and w(0) = 0 (z ∈ U), (1.4)

such that

f (z) = g(w(z)) (z ∈ U). (1.5)

In particular, if f (z) is univalent in U, we have the following equivalence:

f (z) ≺ g(z) (z ∈ U) ⇐⇒ f (0) = g(0) and f (U) ⊂ g(U).

We recall here the following generalized fractional integral and generalized fractional derivative operators due to
Srivastava et al. [2] (see also [3]).

∗ Corresponding author.
E-mail addresses: jkp_0007@rediffmail.com (J.K. Prajapat), mkaouf127@yahoo.com (M.K. Aouf).

0898-1221/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.10.065

http://dx.doi.org/10.1016/j.camwa.2011.10.065
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
mailto:jkp_0007@rediffmail.com
mailto:mkaouf127@yahoo.com
http://dx.doi.org/10.1016/j.camwa.2011.10.065


J.K. Prajapat, M.K. Aouf / Computers and Mathematics with Applications 63 (2012) 42–47 43

Definition 1. For real numbers λ > 0, µ and η, Saigo hypergeometrc fractional integral operator Iλ,µ,η

0,z is defined by

Iλ,µ,η

0,z f (z) =
z−λ−µ

Γ (λ)

∫ z

0
(z − t)λ−1

2F1


λ + µ, −η; λ; 1 −

t
z


f (t) dt, (1.6)

where the function f (z) is analytic in a simply-connected region of the complex z-plane containing the origin, with the order

f (z) = O(|z|ε) (z → 0; ε > max{0, µ − η} − 1),

and the multiplicity of (z − t)λ−1 is removed by requiring log(z − t) to be real when (z − t) > 0.

Definition 2. Under the hypotheses of Definition 1, Saigo hypergeometric fractional derivative operator Jλ,µ,η

0,z is defined by

Jλ,µ,η

0,z f (z) =


1

Γ (1 − λ)

d
dz


zλ−µ

∫ z

0
(z − t)−λ

2F1


µ − λ, 1 − η; 1 − λ; 1 −

t
z


f (t) dt


(0 ≤ λ < 1);

dn

dzn
Jλ−n,µ,η

0,z f (z) (n ≤ λ < n + 1; n ∈ N),

(1.7)

where the multiplicity of (z − t)−λ is removed as in Definition 1.

It may be remarked that

Iλ,−λ,η

0,z f (z) = D−λ
z f (z) (λ > 0)

and

Jλ,λ,η

0,z f (z) = Dλ
z f (z) (0 ≤ λ < 1),

where D−λ
z denotes fractional integral operator and Dλ

z denotes fractional derivative operator considered by Owa [4].
Let Ap denote the class of functions of the form

f (z) = zp +

∞−
n=1

an+pzn+p (p ∈ N = {1, 2, 3, . . .}), (1.8)

which are analytic and p-valent in the open unit disk U. Recently Goyal and Prajapat [5], introduced generalized fractional
differintegral operator S

λ,µ,η

0,z : Ap → Ap, by

S
λ,µ,η

0,z f (z) =


Γ (1 + p − µ)Γ (1 + p + η − λ)

Γ (1 + p)Γ (1 + p + η − µ)
zµJλ,µ,η

0,z f (z) (0 ≤ λ < η + p + 1, z ∈ U);

Γ (1 + p − µ)Γ (1 + p + η − λ)

Γ (1 + p)Γ (1 + p + η − µ)
zµI−λ,µ,η

0,z f (z) (−∞ < λ < 0, z ∈ U).

(1.9)

It is easily seen from (1.9) that for a function f of the form (1.8), we have

S
λ,µ,η

0,z f (z) = zp +

∞−
n=1

(1 + p)n(1 + p + η − µ)n

(1 + p − µ)n(1 + p + η − λ)n
ap+nzp+n

= zp3F2(1, 1 + p, 1 + p + η − µ; 1 + p − µ, 1 + p + η − λ; z) ∗ f (z)

(z ∈ U; p ∈ N; µ, η ∈ R; µ < p + 1; −∞ < λ < η + p + 1) (1.10)

where ∗ denotes usual Hadamard product of analytic functions and pFq is well known generalized hypergeometric function.
The operator S

λ,µ,η

0,z satisfies the following three-term recurrence relation:

z(Sλ,µ,η

0,z f (z))(j+1)
= (p + η − λ)(S

λ+1,µ,η

0,z f (z))(j) − (η + j − λ)(S
λ,µ,η

0,z f (z))(j). (1.11)

Note that

S0,0,0
0,z f (z) = f (z), S1,1,1

0,z f (z) = S1,0,0
0,z f (z) =

zf ′(z)
p

and

S2,1,1
0,z f (z) =

zf ′(z) + z2f ′′(z)
p2

.

We also note that

S
λ,λ,η

0,z f (z) = S
λ,µ,0
0,z f (z) = Ωλ,p

z f (z),
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