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1. Introduction

We consider the numerical solution of the non-stiff initial value problem,

y/=f(X9_V)’ y(XO)z.VOGRm» XE[XOaXf] (1)

where the function f : R x R™ — R™ is assumed to be as smooth as necessary. The general s-stage embedded Runge-Kutta
pair of orders p(p — 1), for the approximate solution of the problem (1) can be represented using the following Butcher
tableau [1,2]:

c|A
b
b
where A € RS*S is strictly lower triangular, b, b, and ¢ € R* withc = A-e,e = [1,1,..., 1]T € R®. The vectors b and b
define the coefficients of the (p — 1)th and pth order approximations respectively.
Starting with a given value y(xg) = Yo, this method produces approximations at the mesh points Xg, X1, X2 - - - Xf.

Throughout this paper, we assume that local extrapolation is applied, hence the integration is advanced using the pth order
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approximation. For estimating the error, two approximations are evaluated at each step from x,, to x, 1 = x, + h,,. These are

s s
V1 ZYn+hanjj and  Yni1 :yn+hnzbjj’

=1 j=1

where

i—1
ﬁ:f(xn+c,-hn,yn+hn2a,-jfj), i=1,2,...,s.

j=1
The local error estimate
En = llyn — Inll

of the (p — 1)th order Runge-Kutta pair is used for the automatic selection of the step size. Given a tolerance parameter TOL,
if TOL > E,, the algorithm

1
TOL\ ?

i =09y (5" )
Eq

provides the next step length. Whereas if TOL < E, we reject the current step and evaluate another smaller one using the
same formula but with h,; { now being h,,.
Let y,(x) be the solution of the local initial value problem
.V,/q(x) =fX (X)), X>Xp, Yn(Xn) = Yn.
Then E,,; is an estimate of the error in the local solution y,(x) at x = X, 1. The local truncation error t,; associated with
the higher order method is

00 Aq

tn+1 =Yn+1 — Yn(xn + hn) = Z hg quiTquqi = hﬂH‘D(xm Yn) + O(hﬁ-ﬂ)

qg=1 i=1

where

(o)

and oy; are real numbers depending on the order of the group of automorphisms on a particular labeling of tree t that
corresponds to the elementary differential [3]. This order is known as the ‘symmetry group’ of the tree The & are positive
integers, Qg; are algebraic functions of A, b, ¢ and P; are differentials of f evaluated at (x,, y,). For a pth order method the
order conditions

Ti=0, forgq=1,2,...,pandi=1,2,..., g,

must hold.
The number of elementary differentials for each order is A, and coincides with the number of rooted trees of order q. It
is known [4] that

)\1=1, )\.2=1, )\3=2, )\4=4, )\.5=9, )\6=20, )\.7=48, etc.

More details can be found in [5].
Theset T@ = Ty, Tg2, - - -, Tq,)\q} is formed by the gth order truncation error coefficients. It is common practice that a
(q — 1)th order method has

1T, =

minimized.

In this work we are interested on a modification of Runge-Kutta methods called modified Runge-Kutta (mRK). mRK
methods can have interesting properties as their coefficients may depend on the step length. By a simple perturbation of very
few coefficients we may produce various function-fitted methods and avoid the overload of evaluating all the coefficients
in every step. For this class of methods the works of Franco [6] and Vyver [7] can be found in the literature.

When we expand the Runge-Kutta tree theory to the case of mRK methods, some of the rooted trees produce additional
trees, called mRK rooted trees, and so additional conditions of order. Here we present the relative theory including a theorem
for the generating function of these additional mRK trees and explain the procedure to determine the extra algebraic
equations of condition generated for a major subcategory of these methods. Moreover, efficient symbolic codes are provided
for the enumeration of the trees and the generation of the additional order conditions. Finally, phase-lag and phase-fitted
properties are analyzed for this case and specific phase-fitted pairs are presented and tested.
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