
Computers and Mathematics with Applications 61 (2011) 2201–2204

Contents lists available at ScienceDirect

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

Generalized variational principles for micromorphic
magnetoelectroelastodynamics
Cheng-Bo Zheng, Bin Liu, Zuo-Jun Wang ∗, Hong-Shi Lü
Key Laboratory of Measurement Technology and Instrumentation of Hebei Province, Yanshan University, Qinhuangdao 066004, PR China

a r t i c l e i n f o

Keywords:
Micromorphic
magnetoelectroelastodynamics

Generalized variational principle
Semi-inverse method

a b s t r a c t

A family of generalized variational principles is established for the initial–boundary value
problem of micromorphic magnetoelectroelastodynamics by He’s semi-inverse method.
This paper aims at providing a more complete theoretical basis for the finite element
applications.
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1. Introduction

Magnetoelectroelastic materials are gaining attention because of their capability of converting energies among the mag-
netic, electric and mechanical forms. Many variational principles have been established in piezoelectricity [1–5], thermo-
piezoelectricity [6], piezoelectromagnetism [7,8], and magnetoelectroelasticity [9–13]. Recently Nappa [14] and He [15,16]
established the variational principles in micromorphic thermoelasticity [17].

In this paper, on the basis of He’s contributions [9,16], we will deduce a family of generalized variational principles for
the initial–boundary value problem ofmicromorphic magnetoelectroelastodynamics by He’s semi-inversemethod [18–21].

2. Fundamental equations

Let Ω be a 3D regular region of an elastic continuumwith the piecewise smooth surface ∂Ω . The fundamental equations
for the micromorphic behavior [17,14–16] of elastic bodies, coupled with quasi-static electromagnetic fields, consist of the
equations of motion

σ
ji
;j + F i

= ṗi, (1)

mkij
;k + σ ji

− sji + Lij = π̇ ij, (2)

pi = ρvi, (3)

π ij
= ρI jkϖ

ik, (4)

vi = u̇i, (5)
ϖij = ϕ̇ij, (6)

the constitutive equations

σ ij
= C ijmn

εε εmn + C ijmn
εe emn + C ijmnp

εγ γmnp − Cmij
εE Em − Cmij

εB Bm, (7)
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sij = C ijmn
εe εmn + C ijmn

ee emn + C ijmnp
eγ γmnp − Cmij

eE Em − Cmij
eB Bm, (8)

mijk
= Cmnijk

εγ εmn + Cmnijk
eγ emn + C ijkmnp

γ γ γmnp − Cmijk
γ E Em − Cmijk

γ B Bm, (9)

Di
= C imn

εE εmn + C imn
eE emn + C imnp

γ E γmnp + C im
EE Em + C im

EB Bm, (10)

H i
= C imn

εB εmn + C imn
eB emn + C imnp

γ B γmnp + C im
EB Em + C im

BBBm, (11)

the geometrical equations

εij = uj;i − ϕji, (12)

2eij = ϕij + ϕji, (13)
γijk = ϕij;k, (14)

the equations for electromagnetic fields

εijkHk;j = J i, (15)

Di
;i = q, (16)

Bi = εijkAk;j, (17)

Ei = −φ,i, (18)

the boundary conditions

ui = ūi on ∂Ωu, (19)

σ ijnj = T̄ i on ∂Ωσ , (20)

ϕij = ϕ̄ij on ∂Ωϕ, (21)

mkijnk = M̄ ij on ∂Ωm, (22)

niDi
= d̄ on ∂ΩD, (23)

φ = φ̄ on ∂Ωϕ, (24)

εijknjHk = h̄i on ∂ΩH , (25)

Ak = Āk on ∂ΩA, (26)

and the initial conditions

ui0 = ūi0, (27)

pi0 = p̄i0, (28)
ϕij0 = ϕ̄ij0, (29)

π ij0
= π̄ ij0. (30)

Here σ ij is the stress tensor, sij is the microstress tensor,mkij is the stress moment tensor, ui is the displacement vector, vi is
the velocity vector, pi is themomentum vector, ϕij is themicrodeformation tensor, π ij is themicromomentum tensor,ϖ ik is
themicrovelocity tensor, Fi is the body force vector, Lij is the bodymoment tensor, εij, eij and γijk are the linear strain tensors,
ρ is the reference mass density, I jk is the microinertia, Di is the electric displacement vector, Bi is the magnetic induction
vector, Ei is the electric field intensity vector, H i is the magnetic field intensity vector, φ is the scalar potential, Ai is the
vector potential, q is the electric charge density, J i is the electric current density vector, C ij···

XY are the constitutive coefficients,
εijk is the alternating tensor, ‘;’ denotes covariant differentiation.

3. Variational formulations

Using He’s semi-inverse method [18–21], we construct a trial functional in the form

J =

∫ t1

t0
dt

∫∫∫
Ω

LdV + IB, (31)

where IB is the integral boundary, and L is a trial Lagrangian, which is defined as

L =
1
2
ρvivi +

1
2
ρI jkϖ

ikϖij −
1
2
εijC ijmn

εε εmn −
1
2
eijC ijmn

ee emn −
1
2
γijkC ijkmnp

γ γ γmnp +
1
2
EiC im

EE Em +
1
2
BiC im

BBBm + f . (32)
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