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a b s t r a c t

In the present note, we investigate the fixed points of correspondences defined on cone
metric spaces satisfying a conditionally contractive condition.
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1. Introduction and preliminaries

The investigation of fixed points of mappings satisfying certain contractive conditions has been a cornerstone of fixed
point theory and it has vast area of applications such as nonlinear and adaptive control systems, computing magnetostatic
fields, and recurrent networks (see [1–3]).
Recently, a generalization of metric space was given in [4] under the name cone metric space in which the range of

metric, real numbers, is replaced by an ordered Banach space; in this framework, some results on fixed points of contraction
mappings are given. The study of fixed point theorems in cone metric spaces was also carried out by some other authors
(see e.g. [5–16]). The aim of this work is to present some results on fixed points of correspondences which are defined on
cone metric spaces, and satisfy a generalized contractive condition.
We first recall some concepts and then, give the main results in the following two sections.
A nonempty subset P of a Banach space E is called a cone if:

(i) P is closed, nonempty, and P 6= {0};
(ii) a, b ∈ R, a, b ≥ 0 and x, y ∈ P , imply that ax+ by ∈ P ;
(iii) P ∩ (−P ) = {0}.

Every cone P ⊂ E, induces a partial order � on E defined by x � y whenever y − x ∈ P . The notation x ≺ y indicates
that x � y and x 6= y, while x � y stands for y − x ∈ intP , where intP denotes the interior of P . The cone P is called
normal if there is a positive real numberM such that

0 � x � y⇒ ‖x‖ ≤ M‖y‖,

for all x, y ∈ E.
In the following we always suppose that E is a Banach space,P is a cone in E with nonempty interior and� is the partial

order induced by P .
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Definition 1 ([4]). Let X be a nonempty set. If the mapping d : X × X → P satisfies the following conditions:

(CM1) 0 � d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(CM2) d(x, y) = d(y, x) for all x, y ∈ X;
(CM3) d(x, y) � d(x, z)+ d(y, z) for all x, y, z ∈ X ,

then d is called a P -cone metric on X , and the pair (X, d) is called a P -cone metric space. In addition, if X is a vector space,
then (X, d)will be called a P -cone metric vector space.

Some examples of cone metric spaces can be found in the references list. The following example gives a method to
construct cone metric spaces in a simple way.

Example 1. Let A be a C∗-algebra with the positive cone P (the set of all hermitian elements with non-negative real
spectrum). If (X, ρ) is a metric space and p ∈ P \ {0}, then the mapping

(x, y)→ ρ(x, y)p (x, y ∈ X),

is a P -cone metric on X . More generally, consider the metric spaces (X, ρn), where (ρn) is bounded from above. If p is a
nonzero positive element of the closed unit ball of A and

∑
n αn is a convergent series of positive real numbers, then the

relation

d(x, y) :=
∞∑
n=1

αnρn(x, y)pn (x, y ∈ X),

defines a P -cone metric on X .

According to preceding example, easy cone metrics can be constructed using positive definite matrices in full matrix
algebra Mn. Also, every nonnegative real valued function of C(Ω), where Ω is a compact Hausdorff space gives a cone
metric.

Definition 2. Let (X, d) be a P -cone metric space.

• A sequence {xn} of X is called convergent to x ∈ X , if for every c � 0, there is a positive integer N such that d(xn, x)� c ,
for all n > N; then {xn} is said to be convergent to x and denoted by xn → x. If for any c � 0, d(xn, xm) � c for all
sufficiently largem, n, then {xn} is called a Cauchy sequence in X . If every Cauchy sequence is convergent to a point of X ,
then X is called a complete P -cone metric space [4].
• A subset C of X is called open if for every x ∈ C there exists c � 0 such that d(x, y) ≺ c implies y ∈ C .
• A subset C ⊂ X is said to be closed if it contains the limit of all its convergent sequences. And the closure of C denoted by
C is defined as the set of all points of X that are the limit point of some sequence in C .
• For a subset C of X , the set of all x ∈ C ∩ C c is called the boundary of C and it is denoted by ∂C .

2. Fixed points of C.C. correspondences

We recall that a correspondence ϕ from a set X to a set Y assigns to each x in X a (nonempty) subset ϕ(x) of Y . For any
subset C of X and correspondence ϕ : C � X , an element x ∈ C is said to be a fixed point if x ∈ ϕ(x).

Definition 3. Let (X, d) be a complete P -cone metric space and C be a nonempty subset of X . A closed-valued
correspondence ϕ : C � X is said to be conditionally contractive (briefly, C.C.) if there exists a real constant k ∈ [0, 1)
(C.C. constant), such that for every x, y ∈ C , and p ∈ ϕ(x), there is q ∈ ϕ(y) such that d(p, q) � kd(x, y).

Theorem 1. Every C.C. correspondence ϕ : X � X has a fixed point.

Proof. Let ϕ : X � X be C.C. with C.C. constant k. Pick any point x0 ∈ X and choose x1 ∈ ϕ(x0). There exists x2 ∈ ϕ(x1) such
that d(x1, x2) � kd(x0, x1). By induction, we obtain a sequence {xn} such that for each n ≥ 1, xn+1 ∈ ϕ(xn) and

d(xn+1, xn) � kd(xn, xn−1)
� k2d(xn−1, xn−2)
...

� knd(x1, x0).

Therefore, form < nwe have

d(xn, xm) � d(xn, xn−1)+ d(xn−1, xn−2)+ · · · + d(xm+1, xm);
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