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Previously, quasi-rigorous limit equilibriummethods were applied to analyze the stability of three-dimensional
slopes or landslides, which only satisfy three direction force equilibrium, and one or two directionmoment equi-
librium. In this paper, the rigorous limit equilibrium columnmethod, inwhich inter-column forces are taken into
account, is established based on six equilibrium conditions which include three direction force equilibrium con-
ditions along coordinate axes and three direction moment equilibrium conditions around three coordinate axes.
The relationship between the width of sliding body and factor of safety is determined using trust-region-
reflective iterative algorithm. The value of the factor of safety is obtained using Levenberg–Marquardt least
square method. Moreover, the present method can be applied to automatically search slip surface of three-
dimensional landslides and to determine the factor of safety of three-dimensional landslides with the known
arbitrary slip surface. Three examples are discussed to verify the robustness and precision of the presentmethod
in detail. Comparing with quasi-rigorous limit equilibrium methods which only considered four or five equilib-
rium conditions, the present method is more accurate and rigorous.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Landslides are defined as the movement of a rock mass, debris or
earth down a slope (Cruden, 1991). They can be triggered by a variety
of external stimulus, such as earthquake shaking, intense rainfall,
water level change, artificial disturbance or rapid stream erosion,
and so on. Landslides are one of the major natural hazards. As
shown in Fig. 1, Jipazi landslide which is mainly caused by intense
rainfall occurred in July of 1982 in the province of Sichuan. The vol-
ume of the Jipazi landslide was estimated to be 15,000,000 m3 and
1700 buildings had been destroyed. Jipazi landslide caused enormous
losses in terms of both direct and indirect aspects.

At present, the conventional limit equilibrium method is still
playing a major role in practical slope or landslide engineering. In
particular, limit equilibrium methods are widely and maturely ap-
plied to analyze the stability of two-dimensional slopes or landslides.
For two-dimensional slopes or landslides, factor of safety is accurate
enough using limit equilibrium method which satisfies all equilibrium
conditions (Duncan, 1996). However, for practical slope or landslide
engineering, slopes or landslides are three-dimensional problems
which are not suitable for being simplified to two-dimensional ones.
Previously, when limit equilibrium columns methods were applied to

study the stability of three-dimensional slopes or landslides, only partial
equilibriumconditionswere satisfied,whichwere not in the framework
of rigorous limit equilibriummethod. For example, only three equilibri-
um conditions are satisfied, which is only suitable for symmetric slopes
or landslides(Hungr, 1987; Zhang, 1988; Hungr et al., 1989; Lam and
Fredlund, 1993), only four or five equilibrium conditions are satisfied
(Chen et al., 2001a, 2001b; Huang et al., 2002; Zhang et al., 2005).More-
over, the factor of safety, which is obtained from quasi-rigorous limit
equilibriummethods, was not accurate enough tomeet the engineering
requirements (Baligh and Azzouz, 1975; Hovland, 1979; Hungr, 1987;
Zhang, 1988; Hungr et al., 1989; Lam and Fredlund, 1993; Feng et al.,
1999; Huang and Tsai, 2000; Chen et al., 2001a, 2001b; Cheng et al.,
2002; Huang et al., 2002).

When rigorous limit equilibrium method is applied to analyze the
stability of three-dimensional slopes or landslides, six equilibrium
conditions should be satisfied, that is three direction force equilibri-
um conditions and moment equilibrium conditions around three
axes should be satisfied. Up to now, fruitful results satisfying all of
the six equilibrium conditions are few. For example, rigorous limit
equilibrium method for three-dimensional slopes or landslides was
investigated based on a non-column method (Zheng, 2007). The dif-
ference between rigorous and quasi-rigorous limit equilibrium stabil-
ity analysis for three-dimensional slopes or landslides is compared
using the method, in which normal stresses on slip surface are
modified by a function with five parameters (Zhu and Qian, 2007).
However, inter-column forces were not taken into account in their

Engineering Geology 160 (2013) 21–33

⁎ Corresponding author at: School of Civil Engineering, Chongqing University, Chongqing
400045, China. Fax: +86 23 6512 3511.

E-mail address: zhouxiaopinga@sina.com (X.P. Zhou).

0013-7952/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.enggeo.2013.03.027

Contents lists available at SciVerse ScienceDirect

Engineering Geology

j ourna l homepage: www.e lsev ie r .com/ locate /enggeo

http://crossmark.crossref.org/dialog/?doi=10.1016/j.enggeo.2013.03.027&domain=pdf
http://dx.doi.org/10.1016/j.enggeo.2013.03.027
mailto:zhouxiaopinga@sina.com
http://dx.doi.org/10.1016/j.enggeo.2013.03.027
http://www.sciencedirect.com/science/journal/00137952


works (Zheng, 2007; Zhu and Qian, 2007). Actually, inter-column
forces significantly affect the factor of safety. In this paper, rigorous
limit equilibrium method for three-dimensional slopes or landslides
is proposed based on the principle of nonnegative normal force over
slip surface, in which inter-column forces are considered. The rela-
tionship between the factor of safety and widths of sliding body can
be determined using Levenberg–Marquardt least squares method.
The factor of safety of three-dimensional slopes or landslides can be
obtained using trust-region-reflective iterative algorithm.

Characteristics of the present method are summarized as follows:

(a) Six equilibrium conditions are strictly satisfied. Sum of forces
along three axes are zero, and all the moments of the entire sliding
body around three axes are less than 1 × 10−6 N · m. The present
method can be referred to as rigorous limit equilibrium method.

(b) The assumptions of the present method, in which inclinations
of inter-column forces are not constant, are different from the
Spencer method (Spencer, 1967) in which inclinations of inter-
column forces are constant. In this paper, it is assumed that incli-
nations of inter-column forces in row direction and column direc-
tion are equal to ±α and ±β, respectively. The value of α and β
can strictly be obtained by numerical calculation. The values of α
and β represent comprehensive and average effects of the sliding
body.
(c) Numerical characteristics. According to Duncan's (1996)
works, non-convergence points exist in almost all examples of rig-
orous limit equilibrium methods. In this paper, the non-linear re-
lationship between the factor of safety and the width of sliding
body is obtained using Levenberg–Marquardt least square meth-
od. Factor of safety in arbitrary intervals can be obtained by the

Fig. 1. Plane map of the Jipazi landslide.
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