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a b s t r a c t 

We have analyzed the condition needed for thermal explosion to occur in a solid sample when the tem- 

perature of the vessel walls is raised at a constant rate. We have developed a dimensionless model that 

allows its direct comparison with an isoperibolic system (constant vessel wall temperature). We have 

obtained an analytical expression for the critical condition as a function of the system parameters. Our 

solution takes into account reactant consumption and covers different geometries: thin film, finite and 

infinite cylinder. The critical condition has been validated with numerical simulations and experiments. 

We show that, compared to the isoperibolic system, thermal explosion is a little bit more difficult to 

achieve under constant heating conditions. Besides, we show that thermal explosion on submicrometric 

films is nearly impossible. 

© 2017 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

1. Introduction 

Knowledge of the critical conditions for the occurrence of 

thermal explosion (sample mass, container geometry, activation 

energy, thermal conductivity, temperature) allows to determine: 

a) the chemical risk associated with the storage and transporta- 

tion of hazardous materials or in running chemical reactors [1–6] , 

b) the conditions for pyrotechnic reactions to occur [7–9] , c) muni- 

tions cookoff temperatures [10] and d) in general the ignition con- 

dition in chemical engineering processes [11,12] . 

Furthermore, the so-called “combustion synthesis” takes advan- 

tage of local heating related to the heat evolved during the chem- 

ical reaction to obtain materials at low processing temperature 

[13,14] . For instance, synthesis of functional metal oxide thin-films 

via combustion synthesis has attracted great attention because it 

would allow the use of low-temperature substrates and it would 

be a promising route towards the development of large-area and 

low-cost printed electronics [15] . Unfortunately, under isothermal 

conditions or during slow heating ramps, fast heat dissipation to 

the substrate hinders thermal explosion by avoiding the local over- 

heating needed for a thermal runaway to occur [16–22] . Several 

authors have suggested that, during rapid heating ramps, combus- 

tion may be achieved in thin films [14,16] . So, the conditions lead- 
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ing to thermal runaway during heating at a constant rate is of in- 

terest for many applications. 

In [23–28] thermal explosion under dynamic conditions is 

analysed numerically and theoretically. The parameter range ex- 

plored numerically is quite limited. Besides, to reduce the original 

system to an ordinary differential equation (ODE) system, ana- 

lytical approaches neglect the temperature and transformation 

degree distribution. As we will see, this approximation is too 

crude to provide an accurate description of the critical condition. 

As Boddington et al. [29] noted for the constant heating case: “The 

development of a realistic model for the ignition experiment is a 

formidable problem.”

The aim of the present work is to provide a thermal runaway 

condition for a system that is heated uniformly at a constant rate. 

To be more precise, the reactant is placed in a vessel whose walls 

are kept at a temperature, T f , that is raised at a constant rate. We 

consider a homogeneous solid sample where heat dissipation oc- 

curs mainly through heat diffusion towards the vessel walls. We 

will show that this model correctly describes the observed behav- 

ior of one metalorganic precursor. We will use a new dimension- 

less system of equations that is equivalent to that introduced by 

Frank-Kamenetskii for an isoperibolic system (a system where T f 
remains constant with time) [30,31] . Thus, our approach allows 

to determine whether thermal runaway during constant heating is 

easier or not than during an isothermal temperature program. We 

will obtain a combustion condition that covers different geometries 

and a wide parameter range that accounts for most practical cases. 

Finally, we will analyze the possibility of combustion in thin films. 
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Nomenclature and units 

A pre-exponential constant, s −1 

a thermal diffusivity, m 

2 /s 

b heating rate, Eq. (3) , K/s 

c specific heat capacity, J/(kgK) 

C geometrical factor of the critical condition, Eq. (15) . 

d characteristic linear dimension of Frank-Kamenetskii 

parameter, Eq. (13) , m 

d i width of the reaction zone, Eq. (9) , m 

E A activation energy, Eq. (4) , J/mol 

H sample height or film thickness 

m sample mass, kg 

N coefficient related to the geometry of the diffusion 

equation, Eq. (10) . 

q specific heat of reaction (positive for exothermic re- 

actions), J/kg 

R G universal gas constant, J/(K mol) 

R inner radius of a cylindrical or spherical reaction 

vessel 

r radial space coordinate, m 

t time, s 

t R reaction time scale, Eq. (5) , s 

t i time scale of the adiabatic induction period, Eq. (8) , 

s 

T temperature, K 

T f temperature of the vessel containing the system, K 

T Kis maximum rate transformation temperature, Eq. (6) , 

K 

V system’s volume, m 

3 

z vertical space coordinate, m 

λ thermal conductivity, W/(m K) 

ρ density, kg/m 

3 

Dimensionless parameters 

α degree of transformation or conversion fraction 

α volume averaged degree of transformation, Eq. (14) 

ε Arrhenius parameter, Eq. (13) , α
δ Frank-Kamenetskii parameter, Eq. (13) 

ξ space coordinate, Eq. (7) 

θ temperature, Eq. (7) 

θ T Todes parameter, Eq. (13) 

τ time, Eq. (7) 

Subscripts and superscripts 

cr critical, parameter value at the combustion thresh- 

old 

in initial 

fin final 

(1D) 1D model 

(2D) 2D model 

TF 1D vessel geometry in the limit case R >> H (thin 

film or semi-infinite slab) 

Cyl 1D vessel geometry in the limit case H >> R (infi- 

nite cylinder) 

Sph Spherical vessel 

2. The model 

The model is based on the classical theory for ignition and front 

propagation in solid samples [11,21,30,32–35] . The heat balance 

is the result of two opposite effects: heat generation by chem- 

ical reaction and heat removal through thermal conduction. We 

neglect the effect of reactive gas depletion or the evolution of 

the system parameters during the reaction. These are reasonable 

Fig. 1. Geometry analyzed. The sample is placed inside a cylindrical vessel without 

a cover. 

approximations to predict the development of a thermal runaway 

but are not sufficient to accurately describe the whole reaction 

course. We also assume a homogeneous medium. The last assump- 

tion is also valid for heterogeneous systems provided that the time 

of heat exchange is much shorter than that of the chemical reac- 

tion [36] . For a cylindrical vessel, the evolution of the temperature 

is described by a two dimensional (2D) partial differential equation 

(PDE): 

ρc 
∂T 

∂t 
= λ

[
1 

r 

∂ 

∂r 

(
r 
∂T 

∂r 

)
+ 

∂ 2 T 

∂ z 2 

]
+ ρq 

∂α

∂t 
, (1) 

where ρ is density, c is heat capacity, q is the reaction specific heat 

and λ is thermal conductivity; T is temperature, t is time, z and r 

are the axial and radial coordinates, respectively (see Fig. 1 ), and 

α( r,z,t ) is the transformation degree ( α = 0 untransformed, α = 1 

totally transformed). 

We assume that the initial sample temperature, T in , is uniform 

and low enough to ensure that the degree of transformation is zero 

throughout the sample. The boundary conditions are: 

∂T 

∂r 

∣∣∣∣
r=0 

= 0 , T (R, z) = T f , T (r, 0) = T f , 
∂T 

∂z 

∣∣∣∣
z= H 

= 0 , (2) 

where H is the sample height, R is the vessel’s inner radius and T f 
is the vessel temperature, that is raised at a constant rate b : 

T f = T in + bt. (3) 

The last boundary condition states that the heat flux is null at 

the top of the sample. Actually, if the vessel temperature is below 

600 °C, the heat lost by radiation is negligible when compared to 

the heat dissipated by conduction through the crucible walls. As 

for the heat evolved from the released gases, it is nearly compen- 

sated by the loss of heat capacity; so, it has a negligible effect on 

the heat balance [37] . Finally, due to symmetry, this boundary con- 

dition also describes a closed vessel full of reactant provided that 

H is the vessel half height. 

Concerning the reaction, we assume first-order reaction kinetics 

to account for the reactant consumption and an Arrhenian temper- 

ature dependence [38,39] : 

∂α

∂t 
= A e −E A / R G T (1 − α) , (4) 

where A and E A are the pre-exponential constant and the activa- 

tion energy of the reaction rate constant, respectively, and R G is 

the universal gas constant. 
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