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a b s t r a c t

One index satisfies the duality axiom if one agent, who is uniformly more risk-averse than another,
accepts a gamble, the latter accepts any less risky gamble under the index. Aumann and Serrano
(2008) show that only one index defined for so-called gambles satisfies the duality and positive homo-
geneity axioms. We call it a duality index. This paper extends the definition of duality index to all out-
comes including all gambles, and considers a portfolio selection problem in a complete market, in
which the agent’s target is to minimize the index of the utility of the relative investment outcome. By
linking this problem to a series of Merton’s optimum consumption-like problems, the optimal solution
is explicitly derived. It is shown that if the prior benchmark level is too high (which can be verified), then
the investment risk will be beyond any agent’s risk tolerance. If the benchmark level is reasonable, then
the optimal solution will be the same as that of one of the Merton’s series problems, but with a particular
value of absolute risk aversion, which is given by an explicit algebraic equation as a part of the optimal
solution. According to our result, it is riskier to achieve the same surplus profit in a stable market than in
a less-stable market, which is consistent with the common financial intuition.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Diamond and Stiglitz (1974) point out that whether or not a
person takes a gamble depends on two distinct considerations:

(i) The attributes of the gamble and, in particular, how risky it
is; and
(ii) The attributes of the person and, in particular, how averse he
or she is to risk.

In terms of the first issue, the concept of the risk measure has
been used to explain how risky a gamble is. Many well-studied risk
measures are described in the literature, such as the superhedging
price, value at risk, tail value at risk, and expected shortfall as well
as general coherent risk measures. These measures emphasize cer-
tain aspects of risk. However, few of them directly reflect the risk-
averse person’s attitude; that is, the perspective that ‘‘risk is what
risk-averters hate’’ (Machina & Rothschild, 2008). The entropic risk
measure, which depends on such a risk aversion through the

exponential utility function, is one of the few to have attempted
to capture this feature. In order to overcome the drawbacks of
the existing measures, Aumann and Serrano (2008) have devel-
oped one risk measure which emphasizes such a risk-averters’ atti-
tude. This preserves many properties of the coherent risk measure
such as first-order monotonicity, convexity and positive homoge-
neity. Unlike the coherent risk measure, however, it is also sec-
ond-order monotonic, which is consistent with the emphasis on
the risk-averters’ attitude. Unfortunately, Aumann and Serrano
(2008) only define the measure for a certain type of discrete ran-
dom variables called gambles. It is acknowledged that most out-
comes in financial applications are of continuous or mixed type,
so their measure cannot be applied to many of theses outcomes.
To incorporate general outcomes such as price of stocks, options
and general contingent claims, this paper generalizes the definition
of the measure to cover all random variables. The measure, like the
original, will satisfy an essential axiom, namely the duality axiom.
This axiom states that if one agent, who is uniformly more risk-
averse than another agent, accepts a gamble, the latter will accept
any less-risky gamble under the measure. It clearly demonstrates
the solid connection between the measure and the attitude of
the risk-averter. We therefore label it as the duality risk measure
or duality index. The axiomatic characterization of the measure
will be considered in detail in the following section.

In terms of the second consideration, utility functions have been
used to describe the risk-aversion of an agent. The most widely
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used utility functions are concave, which represents that the agent
is globally risk-averse. Kahneman and Tversky (1979, 1992) con-
sider S-shaped utility functions1 to reflect the risk-seeking attitude
of the agent in a loss situation and the risk-averse attitude in a gain
situation. Meanwhile, they also introduce a reference point to sepa-
rate gain and loss situations. Though many other utility functions are
considered in the literature, only the globally risk-averse (which
includes risk-neutral) agent as well as a reference point will be dis-
cussed in this paper. The reference point reflects the agent’s relative
financial situation.

To incorporate both considerations, namely how risky an out-
come is and how risk-averse the agent is, we introduce a portfolio
selection problem. This problem aims to find out a portfolio that
minimizes the duality risk measure of the utility of the relative
investment outcome, that is the difference between the investment
outcome and the benchmark level. The risk measure addresses the
first consideration and the utility function the second. Since the
duality risk measure is highly nonlinear, we adopt a novel idea
to deal with the portfolio selection problem, by firstly linking the
problem to a series of Merton’s optimum consumption-like prob-
lems, and then solving them using the well-known Lagrange
method. It turns out that the original problem is equivalent to
one of the series problems but with a particular choice of absolute
risk aversion, which is given by an explicit algebraic equation as a
part of the explicit optimal solution. Thus the explicit solution of
the original problem is derived and the problem is completely
solved. A critical threshold is also derived, so that once the surplus
level (that is, the difference between the benchmark level and ini-
tial endowment) is beyond a threshold, the investment risk will
exceed the agent’s risk tolerance. In particular, if the agent is
risk-neutral, that is to say with a linear utility function, then the
investment risk will grow linearly with respect to (w.r.t.) the sur-
plus level. The investment risk is also positively related to the
entropy of the pricing kernel of the market. The result verifies
the common financial intuition that it is much harder and riskier
to achieve the same surplus profit in a stable market than in a
less-stable market.

The paper is organized as follows. Section 2 defines the duality
risk measure for all outcomes, studies its properties and axiomatic
characterization, and then shows that it is the unique nontrivial
index satisfying two axioms. Section 3 presents a portfolio selec-
tion problem under a complete market setting. The problem is to
find a possible outcome to minimize the duality risk measure of
the utility of the relative investment outcome. Section 4 is devoted
to solving this portfolio selection problem. We first study how well
posed the problem is, that is, whether its value is finite. Then we
link it to a series of Merton’s optimum consumption-like problems
via a bridge problem. The series is then treated using the standard
Lagrange method. Finally, the optimal solution and value of the ori-
ginal problem are derived. Analytical and numerical examples are
also presented in Section 4 to illustrate the main result of this
paper. We conclude the paper in Section 5.

2. Definition and characterization of the duality index

In order to define the duality risk measure, we need to review
some of the concepts used in Aumann and Serrano (2008).

A gamble is a random variable whose mean is positive and that
takes finitely many values, some of which are negative.

Say that an agent with utility function u accepts a gamble g at
wealth w2 if E½uðwþ gÞ� > uðwÞ, where E stands for ‘‘expectation’’;

that is to say, the agent prefers taking that gamble to refusing it
at wealth w.3 Throughout this paper, we only consider the risk-
averse (which includes risk-neutral) agent; that is to say, u is
concave.

Say that one agent is uniformly more risk-averse than another, if
whenever the former accepts a gamble at some wealth, the latter
accepts that gamble at any wealth, but not vice versa.

A risk measure or index is a (positive) real-valued function on
gambles. A gamble is less risky than another under an index if its
index value is strictly less than that of the latter.

Now we will introduce two important axioms related to indices.

Duality axiom: If one agent, who is uniformly more risk-averse
than another, accepts a gamble, then the latter agent will accept
any less-risky gamble under the index.
Positive homogeneity axiom: If a gamble is scaled by some
positive scalar, then the index value is also scaled by the same
scalar.

Aumann and Serrano (2008) show that, up to a positive multi-
ple, there is a unique index satisfying the above two axioms. The
duality axiom is more central than the other because together with
the weak conditions of continuity and monotonicity it already
implies that the index is unique up to the ordinal equivalent. Thus,
we call the unique index satisfying both the duality and positive
homogeneity axioms the Aumann–Serrano duality risk measure or
Aumann–Serrano duality index, or simply the duality risk measure
or duality index. Some important properties of the duality index
are listed as follows.

Sub-additive: The duality index of the sum of two gambles is no
more than the sum of the indices of each gamble.
Law-invariant: The duality indices of two identically distributed
gambles are the same.
Convex: If a gamble is a linear combination of two gambles, then
its duality index is no more than the same combination of the
indices of each gamble.
Monotonic: The duality index decreases monotonically w.r.t. the
first- and second-order (stochastic) dominance.4

It is noted that the convexity property is not stated explicitly by
Aumann and Serrano (2008), however, this property will play a
very important role in our analysis. It accords with the widely
accepted financial wisdom that diversified investment reduces
risk.

Now, let us define the duality index for general outcomes.

2.1. New definition of duality index

This paper is going to investigate a portfolio selection problem
under the duality index. Portfolio selection means finding the best
possible outcome in a certain set under a certain meaning, in
the current setting, that is related to the duality index. Every

1 S-shaped utility function is convex on the negative return and concave on the
positive return.

2 Throughout this paper, wealth is constant.

3 By this definition, no agent accepts 0, which is inconsistent with financial
intuition that no loss is an acceptable situation. In Aumann and Serrano (2008), it is
not an issue because 0 is not regarded as a gamble. However, we will regard 0 as an
outcome in this paper, so we assume that all agents accept 0 throughout this paper.
It would not make any essential difference if 0 was assumed to be accepted by
nobody.

4 Say that one gamble first-order dominates another one, if its value is always no less
than the latter. Say that one gamble second-order dominates another one, if the latter
can be obtained by replacing some of the former’s value with an outcome whose
mean is that value. Say that one gamble stochastically dominates another one if there is
a gamble distributed like the former that dominates the latter. A gamble g second-
order stochastic dominates another gamble h if and only if E½f ðgÞ� 6 E½f ðhÞ� for all
decreasing and convex utility functions f.
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