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a b s t r a c t

This paper clarifies the relation between decisions of a risk-averse decision maker, based on expected 
utility theory on the one hand, and spectral risk measure s on the other.

We first demonstrate that recent approaches to this problem general ly do not provide strongly consis- 
tent results, i.e. they fail to induce identical preference orders simultaneously wit h both concepts. Then 
we detail the relation between risk-averse decisions under the dual theory of choice and spectral risk 
measures. This relation is identified as the fundamental reason why it is not in general possible to estab- 
lish a simple one-to-one mapping between expected utility theory and spectral risk measures.

We are nonetheless able to use spectral risk measures to model decisions obtained using expected utility 
theory. Interestingly, this implies that a given utility function corresponds to a whole family of risk spectra.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction 

The introduction of the concept of coherent risk measures in the 
financial literature (Artzner et al., 1997; Artzner et al., 1999 ) was a
milestone in constructing risk measures, which are feasible both 
from an academic and a practitioner s point of view, to overcome 
the well known shortcom ings of Value-at- Risk (Jorion, 2006; Voz- 
ian, 2010; Krause, 2003 ). Among the possible classes of coherent 
risk measures, the class of spectral risk measures introduced by
Acerbi (Acerbi, 2002; Acerbi, 2004 ), whose most prominent mem- 
ber is the Expected Shortfall (Tasche, 2002; Acerbi and Tasche,
2002; Rockafellar and Uryasev, 2002 ), has attracted considerable 
attention in the financial literature. Its general properties (Acerbi,
2002; Acerbi, 2004; Acerbi, 2007; Cherny, 2006; Dowd et al.,
2008), estimation procedures (Acerbi, 2002; Giannopoul os and 
Tunaru, 2005; Cotter and Dowd, 2006; Cotter and Dowd, 2007a;
Cotter and Dowd, 2007b ) and its versatility in portfolio optimiza- 
tion (Rockafellar and Uryasev, 2000; Acerbi and Simonetti, in press;
Adam et al., 2008; Strepparava , 2009; Deng et al., 2009; Brandtner ,
in press ) have been studied extensively. In the context of portfolio 
optimization, the question of how to incorporate spectral risk mea- 
sures into the framework of established theories of choice, is a par- 
ticularly interesting and important one. This paper focuses on the 
problem of modeling rational behavior of a risk-avers e decision ma- 
ker, using spectral risk measures. For the dual theory of choice 
(Yaari, 1986; Yaari, 1987 ), this was already accomplished by Wang
(1996), Wang (2000), Denuit et al. (2006), Gzyl and Mayoral (2006),
using the equivalence of spectral risk measures and distortion risk 

measure s. Recent research (Sriboonchitta et al., 2010; Tao et al.,
2009; Dowd et al., 2008 ) tried to construct a similar connectio n be- 
tween the classical theory of expected utility (von Neumann and 
Morgenstern, 1947; Föllmer and Schied, 2002 ) and spectral risk 
measure s. Different approach es to this problem were proposed,
but failed so far to provide a consistent theoretical framework.

This papers provides a conclusive answer to that question by
elaborati ng a scheme, to consisten tly model the behavior of an ex- 
pected-u tility-maximizer within the class of spectral risk mea- 
sures. Furthermore, the earlier approaches (Sriboonchitta et al.,
2010; Tao et al., 2009; Dowd et al., 2008 ) and the connection to
the dual theory of choice are discussed to provide a complete 
and self-contained picture. The remainder of this paper is orga- 
nized as follows: Section 2 introduces spectral risk measure s and 
their general relation to decision theories. Section 3 provides a
brief review of recent attempts to establish a link between spectral 
risk measure s and expected utility theory. Section 4 details the 
process and the implication s of modeling risk averse behavior with 
spectral risk measure s under the dual theory of choice. In Section 5,
we provide a method for linking spectral risk measure s and ex- 
pected utility theory with the help of an auxiliary probability mea- 
sure. This method is a close relative to the idea of changing 
probabili ty measures in derivative pricing. We extend this ap- 
proach to a general procedure in Section 6, and provide sufficient
condition s for the link to be well defined and unique. We summa- 
rize and discuss our findings in Section 7.

2. General theory 

Suppose L0ðX;F ; PÞ to be the space of all measurable , real-val- 
ued functions (i.e. random variables) on some probability space 
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ðX;F ; PÞ. Further, suppose the profit and loss (P&L) of a financial
position to be determined at some future time T by the state of
the world at that time, and to be fully described by some random 
variable X 2 L0ðX;F ; PÞ or its cumulative distribut ion function 
(P&L-distribution) FX(x) today. In the following FX(x) is assumed 
to be monotonica lly increasing such that its quantile function 
qXðpÞ :¼ F�1

X ðpÞ exists.
The functionals q : L0ðX;F ; PÞ ! R are denoted as risk measures 

for the P&L-distributions , their subset 

quðXÞ :¼ �
Z 1

0
uðpÞF�1

X ðpÞdp ¼ �
Z 1

0
uðpÞqXðpÞdp ð1Þ

of functional s being defined by any function u : ½0;1� ! R, with the 
properti es

uðpÞP 0 ðpositivityÞ; ð2aÞZ 1

0
uðpÞdp ¼ 1 ðnormalizationÞ; and ð2bÞ

uðp1ÞP uðp2Þ ðmonotonicityÞ; for any p1 6 p2 ð2cÞ

defines the set of spectral risk measures (cf. Acerbi, 2002; Acerbi,
2004; Tasche, 2002 ). The weightin g function u is also called the risk 
spectrum.

Now consider financial positions X and Y with P&L-distributions 
as introduced above, and further assume a decision maker with 
preference relations described by a functional U : L0ðX;F ; PÞ ! R

in the sense that:

X is preferred over Y () UðXÞ > UðYÞ ð3Þ

holds for arbitrary X, Y (cf. Puppe, 1991; Föllmer and Schied, 2002 ).
A given theory of choice, descri bing a decision maker by some rep- 
resentation U, as introduce d above, is now said to be consistently 
related to spectral risk measures qu, if U and u can be mapped 
on each other such that 

quðXÞ 6 quðYÞ () UðXÞP UðYÞ ð4Þ

holds for all X;Y 2 L0ðX;F ; PÞ. This relation ship implies that the ra- 
tional behavior of a decision maker, described by the theory of
choice at hand, can be modeled by spectral risk measures. In partic- 
ular, the key concept of risk aversion can then be operation alized 
consiste ntly within the framewo rk of spectral risk measures.

At this point one might ask, why should one be interested in
modeling rational behavior with spectral risk measures? The an- 
swer is strongly related to a critical property of expected utility 
theory, namely risk preferences are strictly associate d to the utility 
function, independen t of the respective P&L-distribution. On the 
other hand, risk is a concept closely related to uncertainty, and 
hence to the P&L-distribution. Thus, modeling rational behavior 
with spectral risk measure s is the attempt to map the pure risk 
preference of a decision maker. If there is a unique connection in
the sense of (4) between SRMs and expected utility theory, it might 
be possible to separate risk and utility preferences after all.

3. Spectral risk measures and expected utility theory 

Define the shorthand notation Eu[X] :¼ E[u(X)] to indicate the 
expectation value of an arbitrary utility function with respect to
the P&L-distribution of X. Expected utility theory assumes a partic- 
ular representat ion of the preference relation (3), namely 

UðXÞ ¼
Z 1

�1
uðxÞdFXðxÞ ¼ Eu½X� ð5Þ

with a utility function u, mapping onto the real numbers (cf. Föll-
mer and Schied, 2002 ). To represen t a risk averse decision maker,

u0 > 0 and u00 6 0 (concave u) are assumed , which allow for the def- 
inition of a simple local measure of risk aversion 

rPA ¼ �u00=u0; ð6Þ

known as the Pratt-Arr ow-coefficient (Pratt, 1964; Arrow, 1971 ).
Several recent research papers deal with a relationship between 

spectral measures of risk and expected utility theory. The works of
Dowd et al. (2008) and Tao et al. (2009) consider particular types of
utility functions and simply translate them into risk spectra of a
correspond ing functional form. Dowd et al. (2008) conclude cor- 
rectly that this ad hoc assignment of a risk spectrum, with respect 
to a given utility function, can lead to inconsistent results. Unfortu- 
nately, they attribute these problems to the general propertie s of
spectral risk measures. We will show that these inconsistencies 
arise because of an inappropriate construction of the link between 
the utility function and the risk spectrum and not for more funda- 
mental reasons. An arbitrary choice of such functions and subse- 
quent interpretation of their parameters cannot be expected to
yield consisten t results.

In a recent publication Sriboonchi tta et al. (2010) develop a cal- 
culation scheme for the systematic construction of a risk spectrum 
u from a given utility function u. They define the buying price pB(X)
of a random future P&L X, according to expected utility theory,
such that Eu(X � pB) = 0 holds. Using results from robust statistics 
(e.g. Huber, 1981 ), they subsequent ly derive a scheme to construct 
a risk spectrum u from a given utility function u, such that 

quðXÞ ¼ �pBðXÞ ð7Þ

holds. This identification is the central hypothesis of Sriboonc hitta 
et al. (2010). The procedu re is exercised only in the trivial case of
a linear utility function u(x) = x, in which case u(p) = 1 follows 
immed iately. This leads to the fully consiste nt result qu(-
X) = �E[X] = �pB. The non-trivial case of the exponentia l utility 
function u(x) = 1 � e�kx with arbitrary k > 0 was considered too in- 
volved for a direct computa tion by the authors. We provide this cal- 
culation in Appendix A. Based on this result, a closer investi gation of
the central hypothesis (7) reveals inconsist encies on a very funda- 
mental level.

Consider the exponential utility function u(x) and the random 
variables X1 � U(a, b) and X2 � N(l, r). The buying price pB(X1) is

pBðX1Þ ¼ � ln
e�ka � e�kb

b� a

� �
: ð8Þ

The buying price pB(X2) can be calculate d by solving 

Eu½X2 � pB� ¼
Z 1

�1

1� e�kðx�pBÞffiffiffiffiffiffiffiffiffiffiffiffi
2pr2
p e�

1
2

x�l
rð Þ2 dx

¼ 1� exp �kðl� pBÞ þ
k2r2

2

" #
¼ 0; ð9Þ

which yields 

pBðX2Þ ¼ l� k
2
r2: ð10Þ

In order for hypothesis (7) to be correct, �pB(X1) and �pB(X2) must 
obey the spectral risk measures axioms (cf. Acerbi, 2004 ). However ,
�pB(X1) obviously violates the axiom of positive homoge neity 
and �pB(X2) violates the axiom of monotonicit y. It follows that 
neither �pB(X1) nor �pB(X2) defines a spectral risk measure (neither
are even coherent) and thus hypothesis (7) is violated.

Summarizi ng these results, neither the ad hoc construction of
Dowd et al. (2008) and Tao et al. (2009), nor the robust method 
of Sriboonchi tta et al. (2010) succeeded in establishi ng a consistent 
relationshi p between expected utility theory and spectral risk 
measure s.
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