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An iterative scheme which is based on a dynamic fixation of the variables is developed to solve the 0-1
multidimensional knapsack problem. Such a scheme has the advantage of generating memory informa-
tion, which is used on the one hand to choose the variables to fix either permanently or temporarily and
on the other hand to construct feasible solutions of the problem. Adaptations of this mechanism are pro-
posed to explore different parts of the search space and to enhance the behaviour of the algorithm.
Encouraging results are presented when tested on the correlated instances of the 0-1 multidimensional
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1. Introduction

The 0-1 multidimensional knapsack problem (MKP) is a gener-
alization of the well-known knapsack problem with the presence
of more than one constraint. The MKP can be formulated as
follows:

max > cixj,
JEN
(MKP){ subjectto: > ajxj<b;, YieM={1,...,m},
jenN
x€{0,1}, jeN={1,....n},

where ¢;, Vj € N, a3, Vi € M and j € N and b;,Vi € M are positive inte-
gers. Without loss of generality, we can assume that the following
constraints, as defined by (1), are satisfied. If this is not the case,
one or more variables could be fixed to O or 1

max{a; :j €N} <bi <> a; VieM. (1)
jenN

For simplicity we also use the following matrix notation for the

MKP:

(MKP) max{c'x:Ax < b,x € {0,1}"}.

Many applications of this NP-hard problem are resource allocation-
based, see for instance the first references of Lorie and Savage
(1955) and Weingartner (1966). Recently, Meier et al. (2001) used
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the MKP as a subproblem in a new capital budgeting model. There
are other applications such as cutting stock (Gilmore and Gomory,
1966), loading problems (Shih, 1979), and the daily management
of a satellite (Vasquez and Hao, 2001a). Efficient algorithms have
been proposed for solving the MKP. Several of those are metaheuris-
tic-based algorithms like tabu search (see for instance Glover and
Kochenberger, 1996 and Hanafi and Fréville, 1998), and genetic
algorithm (Chu and Beasley, 1998). The review article by Fréville
and Hanafi (2005) and the book by Kellerer et al. (2004) are infor-
mative and provide interesting and useful references. Very recently
Wilbaut et al. (2008) produced a survey paper in this area with an
emphasis to effective heuristics and their applications.

Several preprocessing techniques are often used to develop effi-
cient integer programming-based approaches. It is well-known
that if we are able to reduce the size of the problem to a reasonable
level, even NP-hard problems can then be solved optimally with
reasonable computational effort. Such a reduction process can be
achieved by setting variables, identifying infeasibility and con-
straint redundancy, and tightening the linear programming (LP)
relaxation. The latter includes modifying coefficients and generat-
ing strong valid inequalities. Some of these tools are described in
Nemhauser and Wolsey (1999) and also in Savelsberg (1994). For
instance, for the MKP techniques, the idea to reduce the number
of variables was exploited by Babayev and Mardanov (1994) and
also Zhu and Broughan (1997). Though the above techniques help
to reduce the size of the problem in several cases, there is however
no guarantee of their efficiency when tested on a given instance.
For example, Wilbaut et al. (2006) applied a classical technique
to fix variables in a global intensification algorithm, including a dy-
namic programming method for the MKP, and showed empirically
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that it is difficult to fix any variable for those instances with large
values of m.

In this paper, we propose an algorithm which is based on a heu-
ristic fixation of the variables for solving the MKP. This is achieved
by using an iterative scheme to generate useful information from
LP-relaxation. This knowledge is then used to fix iteratively a sub-
set of the decision variables and hence to generate feasible solu-
tions. This method has the advantage of generating both lower
and upper bounds of the problem. To explore the diversity of the
solutions efficiently, we put forward three variants of the
algorithm.

The remainder of this paper is organised as follows: in Section 2
we present the iterative scheme which we use in our algorithm to
generate memory information. We describe in Section 3 the differ-
ent strategies we implemented to fix the variables and to generate
bounds of the problem. Section 4 is devoted to the computational
results. We summarize our conclusions and point out some re-
search avenues in the last section.

2. An iterative scheme

Several exact methods designed to find the optimal value of the
problem were successfully applied to small sized instances. Such a
success is unfortunately not repeated for problems with moderate
and large size due to memory and computational time require-
ments. It is well-known that heuristics that use relaxation-based
techniques are among the efficient ways to provide both upper
and lower bounds for large and difficult combinatorial optimiza-
tion problems. Glover (2005) proposed a general iterative method
for pure and mixed integer programming. This method, which is
referred to as the Adaptive Memory Projection (AMP), consists of
four steps: (i) from an initial solution apply a heuristic to define
a subset of the free variables; (ii) use an exact method to solve
the sub problem associated with these remaining variables; (iii)
re-launch the heuristic used in (i) from the solution obtained in
(ii) with the introduction of restrictions generated from the mem-
ory; and finally (iv) introduce diversification processes to visit
unexplored regions of the search space.

Some of the ideas of this general method do also exist in other
efficient algorithms that are based on the exploration of small
neighborhoods around the incumbent solution. For instance in
Fischetti and Lodi (2003), a constraint, called local branching
constraint, is added at every iteration to define a k-OPT neighbor-
hood of the incumbent solution. The motivation is to explore better
solutions quickly during the search. In the relaxation induced
neighborhood search of Danna et al. (2005), variables which
happen to have the same values in both the incumbent solution
and in the solution of the current linear programming relaxation
are made fixed, and the corresponding remaining sub problem is
then optimally solved. For the MKP, Volgenant and Zwiers (2007)
recently used partial enumeration. This approach can be viewed
as a particular case of the AMP in which steps (i) and (ii) are only
applied. Even if this method generates lower bounds of the MKP
quickly (i.e. a few seconds/minutes by instance in general), it is
clearly outperformed by other methods.

The method described in this paper is based on the scheme
proposed by Wilbaut and Hanafi (2008) for solving the 0-1 mixed
integer programming problem. For completeness this is shown in
Fig. 1.

This interesting method though it guarantees an optimal solu-
tion, it was observed that its convergence can be really difficult
to achieve in practice especially for larger sized instances. In other
words, the results obtained for the MKP showed that even if this
scheme was the basis in developing efficient algorithms for gener-
ating good bounds, the computational effort associated with these
techniques can be significantly high. This can be due to either the
large number of reduced problems to solve or the high level of dif-
ficulty in solving some of the reduced problems.

In this paper we propose a new algorithm that attempts to over-
come the above drawbacks by using an iterative-phase to generate
useful information in fixing some variables of the problem heuris-
tically. This iterative process is described in Fig. 2.

The addition of a new constraint in the current problem in Step
2 appears to be useful in generating a better solution of the LP-
relaxation. The following two propositions explain the construc-
tion of the constraint and show how it only cuts off the current

optimal solution(s).

Step 1:  Solve one or more relaxation(s) of the current problem (P) and record the corresponding

Step 2:  Generate and solve one or more reduced problem(s) induced from the previous solution(s)

to obtain one or more feasible solution(s) of (P).
Step 3:  Update the best lower bound v* of (P) if necessary and the best upper bound vof (P).

Step 4: If a stopping criterion is satisfied then return y* and v, else add one or more constraint(s
pping

generated from the solution(s) of the relaxation(s) to (P) and return to Step 1.

Fig. 1. A general iterative scheme.

relaxation. Update the upper bound v of (P).

Step 1: Solve the LP-relaxation of the current problem (P) and keep an optimal solution x of this

Step 2: Generate a constraint from x which eliminates this solution without eliminating any other
solution of the initial problem and add this constraint to (P).

Step 3: If a chosen number of iterations is reached then return v, otherwise go to Step 1.

Fig. 2. The iterative-phase.
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