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a b s t r a c t

In this paper a definition of industry inefficiency in cost constrained production environments is introduced.

This definition uses the indirect directional distance function and quantifies the inefficiency of the industry

in terms of the overall output loss, given the industry cost budget. The industry inefficiency indicator is then

decomposed into sources components: reallocation inefficiency arising from sub-optimal configuration of

the industry; firm inefficiency arising from a failure to select optimal input quantities (given the prevalent

inputs prices); firm inefficiency due to lack of best practices. The method is illustrated using data on Ontario

electricity distributors. These data show that lack of best practices is only a minor component of the overall

inefficiency of the industry (less than 10 percent), with reallocation inefficiency accounting for more than

75 percent of the overall inefficiency of the system. An analysis based on counter-factual input prices is con-

ducted in order to illustrate how the model can be used to estimate the effects of a change in the regulation

regime.

© 2015 Elsevier B.V. and Association of European Operational Research Societies (EURO) within the

International Federation of Operational Research Societies (IFORS). All rights reserved.

Introduction

In this paper a definition of industry inefficiency in cost con-

strained production environments is introduced. The idea behind cost

constrained production is that firms or decision making units (DMU)

are allocated a certain cost and are supposed to produce as much out-

put as possible with this given cost (this implies optimizing when se-

lecting input quantities). It is assumed that data on the inputs, the

prices of the inputs and the outputs produced by each firm in a given

industry are available. With such data, it is possible to determine the

overall cost budget of the industry by looking at the inputs used and

the input prices faced by each firm. The problem that the central

planner (or a market) now faces is how to allocate this overall bud-

get across the different production units (given a certain number of

constraints) in order to maximize the overall output. This problem

corresponds to the implicit determination of the optimal structure of

the industry via the determination of the optimal number of firms

that should populate the industry and the optimal allocation of re-

sources across these firms. Once this optimization problem is solved,

one is able to quantify inefficiency in terms of the directional distance

function (DDF), where inefficiency is measured in terms of the overall

output loss due to different sources: (i) the inefficiency of the firms

actually operating in the industry (lack of best practice) and (ii) the

inefficiency arising from a sub-optimal configuration of the industry.
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To the best of our knowledge the first paper to address this is-

sue explicitly in a linear programming framework is due to Ray and

Hu (1997). This contribution introduced the basic model in a primal

context, where only input and output quantities are observed. Later

on Lozano and Villa (2004) introduced the centralized resource al-

location model which uses the same idea (and it is in fact a spe-

cial case of Ray and Hu (1997) where the number of firms is fixed

to the observed one). Following these attempts a literature devel-

oped to accommodate alternative empirical settings (see Aparicio &

Pastor, 2012; Aparicio, Pastor, & Ray, 2013; Asmild, Paradi, & Pastor,

2009; 2012; Fang, 2013; Fang & Zhang, 2008; Giménez-García,

Martínez-Parra, & Buffa, 2007; Lotfi, Noora, Johanshahloo, Gerami, &

Mozaffari, 2010; Lozano & Villa, 2004; 2005; Lozano, Villa, & Adenso-

Díaz, 2004; Lozano, Villa, & Braennlund, 2009; Lozano, Villa, & Canca,

2011; Mar-Molinero, Prior, Segovia, & Portillo, 2012; Ray, 2007; Ray

& Mukherjee, 1998). Ray, Chen, and Mukherjee (2008) extended the

industry efficiency model using a cost function approach with input

prices varying across locations.

The method introduced in this paper is illustrated using data on

Ontario electricity distributors. The data show that lack of best prac-

tices at the firm level is only a minor component of the overall ineffi-

ciency of the industry (less than 10 percent). The bulk of the industry

inefficiency is accounted for by severe deviations from the optimal

configuration. In this empirical part a counter-factual analysis is also

provided.

The rest of the paper is organized as follows. Section 1 presents the

definition of firm technology and inefficiency. Section 2 extends these
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notions to the industry level. Section 3 is dedicated to the empirical

illustration. Finally Section 4 concludes.

1. Firm technology and inefficiency

Consider an industry where x ∈ RN+ inputs produce y ∈ RM+ out-

puts. It is assumed that data on inputs and outputs are available for

a number K of firms (k = 1, . . . , K). The data can be collected into

two matrices: an input matrix X = [x1, . . . , xK ]
′ and an output ma-

trix Y = [y1, . . . , yK ]
′
, where the observations relative to each firm are

collected on the rows of these matrices. The dataset is the collection

of these matrices:

(X, Y) (1)

The data generated firm technology set (production set, or pro-

duction possibilities set) is given by the picece-wise linear envelop of

the observations available (Banker, Chang, & Natarajan, 2005; Banker,

Charnes, & Cooper, 1984):

� =
{

(x, y) : λX ≤ x′ , λY ≥ y′ ,
∑

k

λk = 1 , λ ≥ 0

}
(2)

This production set is built under the assumption that the technol-

ogy satisfies convexity and free disposability of inputs and outputs.

The constraint on the intensity vector
∑

λk = 1 means that the tech-

nology allows for variable returns to scale (VRS). An equivalent rep-

resentation of the technology is given by the output sets, which are

the collection of all producible outputs given a certain input vector

P(x) = {y : (x, y) ∈ �} and can be represented in functional form via

the directional output distance function (DDF) (see Chambers, Chung,

& Färe, 1996; 1998):

TE = D(x, y; gy) = sup
β

{β : (y + βgy) ∈ P(x)} (3)

The DDF provides a measure of technical efficiency (TE) or, more

precisely, of technical inefficiency because it represents the total

loss in output due to inefficient use of the inputs available to the

firm (with respect to the benchmark represented by technology (2)).

This measure of inefficiency is expressed in terms of the numeraire

gy which is therefore assumed to be fixed across firms and time

periods (comparisons of technical inefficiency using different nu-

meraires would be equivalent to comparing apples with oranges).

Function (3) can also be interpreted as a shortage function, inasmuch

it is a measure of total output loss with respect to a potential output

benchmark.

It is now interesting to consider an alternative representation of

the technology (2) which assumes availability of information on in-

put prices in the form of a row vector w ∈ R
N+. In this case, one

may think of the production possibilities as the collection of all the

possible output vectors which are feasible when the cost budget is

set at level C. This gives rise to the indirect output sets IP(w/C) =
{y : (x, y) ∈ � , wx ≤ C} and their functional representation via the

indirect directional output distance function (IDDF):

CE = ID(w/C, y; gy) = sup
β

{β : (y + βgy) ∈ IP(w/C)} (4)

This alternative measure of inefficiency involves the use of input

prices and it measures how much output production could be ex-

panded, given that the overall cost the firm is facing is given. Since

the constraint here is the overall cost rather than a specific input

vector, this type of inefficiency has also been called cost constrained

inefficiency (see Färe & Grosskopf, 1994; Grosskopf, Hayes, Taylor, &

Weber, 1997). It should be emphasized that, though the cost is con-

straining production, the inefficiency measure is defined on the out-

put side for a given numeraire gy. This means that the quantities in

Eqs. (3) and (4) share the same underlying numeraire and they can be

compared. Invoking the duality theorem proved in Färe and Primont

(2006), it holds that ID(w/C, y; gy) ≥ D(x, y; gy), where the difference

between the two indicators is an allocative efficiency component, in-

terpreted as the loss in output due to the choice of a non-optimal

input mix:

AE = ID(w/C, y; gy) − D(x, y; gy) (5)

The allocative inefficiency definition embedded in Eq. (5) deter-

mines the quantity of output which is lost because the firm fails to

choose the optimal input mix given the prevailing input prices. Given

the duality between the direct and the indirect DDF, it is thus pos-

sible to decompose the firm level cost constrained inefficiency (CE)

into the two components defined in Eqs (5) and (3):

CE = TE + AE (6)

The left hand side of this equation is a measure of the overall loss

in output for a firm operating at the specified cost level. The first com-

ponent on the right hand side attributes part of this inefficiency to a

less than optimal use of the given input vector; while the second com-

ponent is a measure of loss in output attributable to the firm failing

to choose an optimal input vector.

2. Industry technology and inefficiency

The previous section introduced the main representation of the

firm technology set and the firm inefficiency. The purpose of this sec-

tion is to extend these notions to the industry level. For the purposes

of this study the industry is defined in terms of inputs and outputs

homogeneity, so that all the firms operating in the industry uses the

same set of inputs to produce the same set of outputs. It is assumed

that any number of firms can operate in the industry (entry and exit

of firms is allowed) and all the firms in the industry (already operat-

ing in it or potentially entrant) face the same technology set � de-

fined in Eq. (2); in other words all the firms in the industry face the

same production trade-offs. Under these assumptions the industry

technology set is defined as (see Peyrache, 2013):

�I = ∪+∞
S=1

(
S∑

s=1

�

)
(7)

The summation in parentheses is a special case of the aggrega-

tion discussed in Li and Ng (1995) and Zelenyuk (2006)1. It should

be noted that, though the firm technology set is convex, the industry

technology set may show some non-convexity. This non-convexity at

the industry level arises because of the indivisibility of the firm: only

an integer number of firms can operate in the industry (of course this

non-convexity becomes less important as the number of firms grows

large). The set defined in (7) can be also written as follow:

�I =
{

(x, y) : λX ≤ x′ , λY ≥ y′ ,
∑

k

λk = S , λ ≥ 0 , S ∈ N

}

(8)

Contrary to Definition (2), the intensity vector is now constrained

to sum up to the the integer number S which represents the num-

ber of firms operating (actually or potentially) in the industry. In-

terestingly enough, this set collapses to the firm technology set (2)

when S = 1. The industry technology returns all the possible input

and output combinations which are feasible at the industry level and

it is an enlargement of the firm production set. Since the industry as

a whole is operating within a given cost budget, it is interesting to

describe the industry technology set in terms of the associated in-

direct output sets which represent all the output combinations the

1 The reader should note that if the production set is non-convex, then
∑S

s=1

� 	= S� . The proof of this is in Li and Ng (1995). In the case of a convex production

set the equality holds.
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