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Non-parametric evaluation of returns to scale of production units in standard DEA models becomes prob-
lematic when their underlying technologies involve negative data. The methodology recently offered by
Allahyar and Rostamy-Malkhalifeh (2015) (hence after called ARM model) is of some help to deal with
this issue. However, there are two shortcomings underlying the ARM model. First, it may not be capa-
ble of locating all the production units exhibiting constant returns to scale; and second, it is also not
able to determine most productive scale size. In order to deal with these two shortcomings, the current
paper contributes to the DEA literature in two ways. First, it makes a unifying attempt to propose a gen-
eral non-radial DEA model to determine both the most productive scale size and the returns to scale
characterizations of production units in the presence of negative data. Second, the proposed model can
be adapted in a dynamic DEA technology setting to determine growth efficiency and returns to growth
behavior of production units facing hyper competition in a new economy.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

One of the most important aspects in applied production anal-
ysis of organizational decision making units (DMUs) is returns
to scale (RTS), which help determine pricing policies and market
structure, and consequently, government policies toward both. It is
therefore imperative that this concept be measured accurately. To
assess efficiencies of a set of homogenous DMUs, it is necessary
to identify the nature of RTS that characterize efficient production.
In production economics, RTS in a multi-output and multi-input
technology are defined as the maximal proportional increase in all
outputs («) resulting from a given proportional increase in all in-
puts (¢). Constant returns to scale (CRS) prevail if «= ¢, increas-
ing returns to scale (IRS) prevail if «>¢, and decreasing returns to
scale (DRS) prevail if ov<¢. For alternative definitions of RTS, see
Baumol, Panzar, and Willig (1982) and Fare, Grosskopf, and Knox
Lovell (1988).
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Ever since the nonparametric methodology of data envelopment
analysis (DEA) was introduced by Charnes, Cooper, and Rhodes
(1978), the economic concept of RTS has been widely studied
within the two broader frameworks of DEA.2 The first framework
by Fare, Grosskopf, and Knox Lovell (1985) proposes to determine
RTS characterization of a DMU by considering the ratios of two
radial efficiency measures under different RTS assumptions, i.e.,
the ratio of efficiency measure under CRS to either that under
variable returns to scale (VRS) or non-increasing returns to scale
(NIRS). The second framework that stems from the work by Banker
(1984), Banker, Charnes, and Cooper (1984), and Banker and Thrall
(1992) proceeds by examining tangential planes to the VRS-based
DEA production frontier at a given point. This is done either by
looking at the constant term that represents the intercept of that
plane with the plane in which all inputs are set to zero or, by ob-
serving the weights of the corner points of the facet of the frontier
associated with that plane.

This second framework is also extended to both additive and
multiplicative DEA models. Unlike the radial CCR and BCC mod-

2 See, e.g., Fire and Grosskopf (1994), Banker, Bardhan and Cooper (1996), Banker,
Chang, and Cooper (1996), Sueyoshi (1997, 1999), Seiford and Zhu (1998, 1999),
Kerstens and Vanden Eeckaut (1999), Sahoo, Mohapatra and Trivedi (1999) Sahoo,
Sengupta and Mandal (2007), Read and Thanassoulis (2000), Fersund and Hjalmars-
son (2004), Tone and Sahoo (2003, 2004, 2005, 2006), among others.
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els, the additive model by Cooper, Seiford, and Tone (2007) avoids
the problem of choosing between input and output orientations. In
case of multiplicative models (Banker & Maindiratta, 1986) where
the piecewise linear frontiers usually employed in CCR and BCC
models are replaced by the piecewise log-linear frontiers, RTS are
obtained from the exponents of these piecewise log-linear func-
tions for the different segments that form the underlying produc-
tion frontier. Note that in both frameworks, RTS characterization
of a DMU depends on whether input- or output-oriented model
is used since different orientations identify different points on the
frontier from which evaluations are effected.

Since the DEA technologies are not differentiable at extreme
points, researchers suggest determining both right- and left-hand
RTS at these extreme points (see, e.g., Banker & Thrall, 1992;
Golany & Yu, 1997; Fukuyama, 2000, 2001, 2003; Fersund &
Hjalmarsson, 2004; Hadjicostas & Soteriou, 2006; Fersund, Hjal-
marsson, Krivonozhko, & Utkin, 2007; Podinovski, Fersund, &
Krivonozhko, 2009; Podinovski & Farsund, 2010; Sahoo & Gstach,
2011; Sahoo & Tone, 2013, 2015; Zelenyuk, 2013; Eslami &
Khoveyni, 2013; Sahoo & Sengupta, 2014; Sahoo, Zhu, & Tone,
2014; Sahoo, Zhu, Tone & Klemen, 2014; among others). How-
ever, in order to get away with two types (right-hand and left-
hand) RTS, Boussemart, Briec, Peypoch, and Tavéra (2009) sug-
gested, based on a homogeneous reference technology, an inno-
vative o — RTS method to determine RTS globally. Using a variant
of the piecewise constant elasticity of substitution-transformation
DEA technology by Fare, Grosskopf, and Njinkeu (1988), which is
homogeneous of degree «, they determined « — RTS globally for
DMUs by exploiting the linkages between the input, output and
graph distance functions.

In the aforementioned RTS studies, the DEA technologies are
characterized by input-output data that are assumed to be non-
negative. However, negative data may arise in several situations.
There are some variables, which may naturally be interpreted
as negative. Examples of such variables include pollutants, num-
ber of incorrect deliveries, number of complaints, number of un-
desirable orders delivered, sewage sludge, consignments for de-
livery, undesirable orders, percentage of consumers with nega-
tive brand perception before/after brand campaign, etc. Variables,
when expressed in the form of some transformations, may ac-
tually turn negative. For example, a variable called profit, ex-
pressed as the difference between revenue and cost, may turn
negative if cost exceeds revenue. Variables considered in growth
forms such as increments of time/demand deposits, increments
in sales/customers/deposits/income, growth of GDP per capita, etc.
may be negative. Furthermore, while dealing with the estimation
of piecewise log-linear technology, one may encounter negative
data since the log transformation of values being less than 1 are
always negative. One may refer to, e.g., Portela, Thanassoulis, and
Simpson (2004), Pastor and Ruiz (2007), Sharp, Meng, and Liu
(2007), Sahoo and Tone (2009), Sahoo, Luptacik, and Mahlberg
(2011), Sahoo, Kerstens, and Tone (2012), Sahoo, Mehdiloozad, and
Tone (2014), Mehdiloozad, Sahoo, and Roshdi (2014), among others,
for several examples of applications with negative data.

It is therefore imperative that a special variant of RTS estima-
tion model is necessary when the DEA technology involves nega-
tive data. As will be demonstrated in our method section (Section
2), it is because the VRS specification of a DEA technology involv-
ing negative data finds no DMUs exhibiting most productive scale
size (MPSS), a term coined by Banker (1984), i.e., no DMU in this
technology exhibits CRS. Second, this technology may also yield,
for an inefficient DMU, a reference set, which consists of DMUs
exhibiting IRS and DRS. This finding goes against the very prop-
erty of a reference set by Tone (1996) that no reference set for any
inefficient unit comprises of DMUs exhibiting IRS and DRS.

Though, there have been some attempts in the DEA literature
(see, e.g., Portela et al., 2004; Sharp et al., 2007; Kerstens & Van de
Woestyne, 2011, among others) on the direct treatment of negative
data in efficiency evaluation, the determination of RTS against such
technologies has rarely been exposed in DEA setting (a noticeable
exception is Allahyar and Rostamy-Malkhalifeh (2015)). However,
the approach by Allahyar and Rostamy-Malkhalifeh (2015) (hence-
forth the ARM approach) for determining both right- and left-hand
RTS characterizations suffers from two shortcomings. First, their
method may not be capable of properly determining the RTS char-
acterizations; and second, their method is also not able to deter-
mine the MPSS. In order to deal with these two shortcomings, the
current study proposes a non-radial DEA model to determine both
MPSS, and right- and left-hand RTS characterizations.

As an innovative adaptation of our proposed methodology, we
consider efficiency evaluation of the technology-intensive indus-
tries in a new economy in which a dynamic model of hyper-
competition is considered more suitable. The new economy is dif-
ferentiated from the old economy in terms of three features: (a)
dynamic competition (growth or dynamic efficiency) as opposed
to static competition (level or static efficiency); (b) innovation ef-
ficiency, access efficiency, and resource efficiency as opposed to
technical and allocative efficiency; and (c) expanding markets. The
growth and decay of these industries are primarily driven by effi-
ciency in both static and dynamic (hyper) competition. While ef-
ficiency in static competition means technical and allocative ef-
ficiency, efficiency in hyper-competition requires innovation effi-
ciency, access efficiency, and resource efficiency. On detailed ac-
count of these various efficiency concepts, see Sengupta (2003,
2004, 2007, 2011).

To assess growth efficiency (GE) of the high-tech companies, it
is necessary to identify the nature of returns to growth (RTG) that
characterizes the dynamic production frontier. The dynamic (inter-
temporal) technology set in a DEA setting is formed by consider-
ing all the feasible input and output growth vectors over a time
period. The efficiency frontier resulting from this dynamic technol-
ogy set is called the dynamic production frontier?, a concept first
introduced by Sengupta (2002) in a DEA setting to both theoreti-
cally illustrate and empirically analyze growth and decay behavior
of the firms competing in hyper-competitive markets. Several ap-
plications based on this dynamic technology are found in studies
by Sengupta, 2003, 2004, 2005a, 2005b, 2007, 2011; Sengupta and
Sahoo, 2006 and Sengupta and Neogi, 2009. As regards the RTG,
a concept coined by Sahoo, Kerstens, and Tone (2012), it relates
growth rates in inputs to growth rates in outputs along a dynamic
production frontier, and are defined as the maximal proportional
increase in all output growth rates (say, 77) resulting from a given
proportional increase in all input growth rates (say, 1,). Constant
RTG prevail if n;= 1, increasing RTG prevail if n;>n,, and de-
creasing RTG prevail if 17 <n,. The formulation of RTG characteri-
zation along a dynamic production frontier is an analogous of that
of the RTS characterization defined along the boundary of a static
production frontier relating inputs to outputs. Note that RTG can-
not be synonymously used as dynamic RTS.*

3 This literature must be distinguished from alternative models specifying the dy-
namics of production in a nonparametric context. For instance, the dynamic tech-
nology structure is analyzed and nonparametric tests are presented from a dy-
namic cost-minimizing perspective in Silva and Stefanou (2003). Silva and Stefanou
(2007) develop nonparametric dynamic measures of efficiency in the short and the
long run in this same framework. Nemoto and Goto (1999) and Ouellette and Yan
(2008), among others, develop slight variations on this same theme.

4 Dynamic RTS describe the same proportional input and output relations in a
multistage framework where the black-box nature of technology is extended to two
or more stages. In these so-called network models, the intermediate measures pro-
duced in the first stage are considered inputs to the second stage (Sueyoshi & Sek-
itani, 2005).
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