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Abstract

The paper deals with the classical problem of minimizing the makespan in a two-machine flow shop. When the job
processing times are deterministic, the optimal job sequence can be determined by applying Johnson�s rule. When they
are independent and exponential random variables, Talwar�s rule yields a job sequence that minimizes the makespan
stochastically.

Assuming that the job processing times are independently and Weibull distributed random variables, we present a
new job sequencing rule that includes both Johnson�s and Talwar�s rules as special cases. The proposed rule is applicable
as a heuristic whenever the job processing times are characterized by their means and the same coefficient of variation.
Simulation results show that it leads to very encouraging results when the expected makespan is minimized.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A set of jobs, {1, 2, . . . ,n}, available at time zero
has to be processed in a shop with m = 2 machines

A and B. Each job is processed first on A and next
on B. No machine can process more than one job
at a time, no job preemption is allowed, all setup
times are included in the job processing times,
and there is unlimited intermediate storage be-
tween the machines. The problem is to determine
a job sequence (permutation) that minimizes the
completion time of the last job, also known as
the makespan. Recall that the problem is strongly
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NP-hard for m P 3 [6], and permutation schedules
are dominant for m = 2 and m = 3 [10], that is, an
optimal job sequence is then an optimal schedule
among non-permutation schedules.

Assume that ak and bk denote the deterministic
processing times of job k on machines A and B,
respectively. In a breakthrough paper on schedul-
ing theory, Johnson [10] proposed to apply the rule:

job i precedes job j if minðaj; biÞ > minðai; bjÞ:
ð1Þ

He showed that it yields a transitive ordering
among the jobs, and every job sequence satisfying
(1) has the minimum makespan.

Assume now that Ak and Bk are independent
and exponential random variables representing
the processing times of job k on machine A and
B. Let ak and bk denote the means of Ak and Bk.
Talwar [17] conjectured that the sequence minimiz-
ing the expected makespan can be determined by
applying the rule:

job i precedes job j if E minðAj;BiÞ
� �

¼ ajbi
aj þ bi

>
aibj

ai þ bj
¼ E minðAi;BjÞ

� �
; ð2aÞ

that is equivalent to,

job i precedes job j if
1

ai
� 1

bi
>

1

aj
� 1

bj
: ð2bÞ

Cunningham and Dutta [3] were the first to
prove Talwar�s conjecture, and observe that the
permutation schedules are dominant when the ex-
pected makespan is minimized. Ku and Niu [12]
showed later that Talwar�s sequence also mini-
mizes the makespan stochastically, and the per-
mutation schedules remain then dominant. (A
random variable X is smaller than another
random variable Y in the sense of the stochastic
order, written X 6stY, if P(X > t) 6 P(Y > t) for
every t.) They also presented a sufficient condition
for two adjacent job interchange from which both
rules (1) and (2) can be derived.

Let Ak and Bk be independent Weibull distrib-
uted random variables with means ak and bk, and
a common shape parameter c. For such job pro-
cessing times we propose the following sequencing
rule:

job i precedes job j if E minðAj;BiÞ
� �

¼ ajbi
ðacj þ bci Þ

1=c
>

aibj
ðaci þ bcjÞ

1=c
¼ E minðAi;BjÞ

� �
;

ð3aÞ

that is equivalent to,

job i precedes job j if
1

aci
� 1

bci
>

1

acj
� 1

bcj
: ð3bÞ

Our extensive simulation experiments, in which
we employed the Ranlux pseudo random number
generator [8], led us to the conjecture that the rule
(3) might minimize the expected makespan.

For c = 1, the Weibull distribution with mean l
and shape parameter c becomes the exponential
distribution with mean l. When c approaches
infinity, it reduces to the degenerate distribution
at l. Since (3) reduces to (1) for c = 1, and to
(3) for c = 1, our sequencing rule (3) is a general-
ization of both Johnson�s and Talwar�s rules.

A constant parameter c for all job processing
time distributions can be regarded as a constant
coefficient of variation. Therefore, whenever the
inequality E(min(Aj,Bi)) > E(min(Ai,Bj)) does not
induce a transitive ordering among the jobs for
arbitrary job processing time distributions charac-
terized by their means and the same coefficient of
variation, we propose to apply (3) with Weibull�s
shape parameter c computed for this coefficient.
We claim that such a heuristic leads to very encour-
aging results when the expected makespan is
minimized.

Excellent overviews of rather limited research
on stochastic scheduling are presented in Pinedo
[13], and in Chapter 13 of [16] written by Righter.
Using simulation, Dodin [4] examined, in particu-
lar, the performance of Johnson�s rule applied to
different job processing time distributions. Similar
studies were conducted by Portugal and Trietsch
[14]. Elmaghraby and Thoney [5] proposed a heu-
ristic for the expected makespan minimization that
is based upon Johnson�s sequence modifications.
Assuming that the job processing time distribu-
tions are unknown but bounded, Allahverdi and
Sotskov [1] examined the existence of a unique
optimal sequence.
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