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a b s t r a c t

In this paper, we revisit the consumption–investment problem with a general discount function and a
logarithmic utility function in a non-Markovian framework. The coefficients in our model, including
the interest rate, appreciation rate and volatility of the stock, are assumed to be adapted stochastic pro-
cesses. Following Yong (2012a,b)’s method, we study an N-person differential game. We adopt a martin-
gale method to solve an optimization problem of each player and characterize their optimal strategies
and value functions in terms of the unique solutions of BSDEs. Then by taking limit, we show that a
time-consistent equilibrium consumption–investment strategy of the original problem consists of a
deterministic function and the ratio of the market price of risk to the volatility, and the corresponding
equilibrium value function can be characterized by the unique solution of a family of BSDEs parameter-
ized by a time variable.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, research on the time-inconsistent preferences
has attracted an increasing attention. The empirical studies of
human behavior reveal that the constant discount rate assumption
is unrealistic, (see, for example, Thaler (1981), Ainslie (1992) and
Loewenstein & Prelec (1992)). Experimental evidence shows that
economic agents are impatient about choices in the short term
but are more patient when choosing between long-term alterna-
tives. Particularly, cash flows in the near future tend to be dis-
counted at a significantly higher rate than those occur in the
long run. Considering such behavioral feature, economic decisions
may be analyzed using the hyperbolic discounting (see Phelps &
Pollak (1968)). Indeed, the hyperbolic discounting has been widely
adopted in microeconomics, macroeconomics, and behavioral
finance, such as Laibson (1997) and Barro (1999) among others.

However, difficulties arise when one attempts to solve an opti-
mal control problem with a non-constant discount rate by some
standardized control techniques, such as dynamic programming
approach. In fact, these techniques lead to time inconsistent
strategies, i.e., a strategy that is optimal for the initial time may
not be optimal later (see, for example, Ekeland & Pirvu (2008)

and Yong (2012b)). In other words, the classical dynamic program-
ming principle fails to solve the so-called time-inconsistent control
problem. So, how to obtain a time-consistent strategy for time-
inconsistent control problems becomes an interesting and chal-
lenging problem. In Strotz (1955), the author studies a cake eating
problem within a game theoretic framework where the players are
the agent and his/her future selves, and seek a subgame perfect
Nash equilibrium point for this game. Strotz’s work has been pur-
sued by many others, such as Pollak (1968), Peleg and Yaari (1973),
Goldman (1980) and Laibson (1997) among others.

Recently, the time inconsistent control problems regain consid-
erable attention in the continuous-time setting. A modified HJB
equation is derived in Marín-Solano and Navas (2010) which solves
the optimal consumption and investment problem with non-
constant discount rate for both naive and sophisticated agents.
The similar problem is also considered by another approach in
Ekeland and Lazrak (2006) and Ekeland and Pirvu (2008), which
provide the precise definition of the equilibrium concept in contin-
uous time for the first time. They characterize the equilibrium
policies through the solutions of a flow of BSDEs, and they show,
with special form of the discount factor, this BSDE reduces to a sys-
tem of two ODEs which has a solution. There are some literature
following their definition of equilibrium strategy. In Björk and
Murgoci (2010), the time-inconsistent control problem is consid-
ered in a general Markov framework, and an extended HJB
equation together with the verification theorem are derived.
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Björk, Murgoci, and Zhou (2014) investigates the Markowitz’s
problem with state-dependent risk aversion by utilizing the
extended HJB equation obtained in Björk and Murgoci (2010). Con-
sidering the hyperbolic discounting, Ekeland, Mbodji, and Pirvu
(2012) studies the portfolio management problem for an investor
who is allowed to consume and take out life insurance, and they
characterize the equilibrium strategy by an integral equation.

Another approach to the time-inconsistent control problem is
developed by Yong (2011, 2012a, 2012b). In Yong’s papers, a
sequence of multi-person hierarchical differential games is studied
first and then the time-consistent equilibrium strategy and
equilibrium value function are obtained by taking limit. A brief
description of the method is given as follows. Let T > 0 be the
fixed time horizon and t 2 ½0; TÞ be the initial time. Take a
partition P ¼ ftkj0 6 k 6 Ng of the time interval ½t; T� with
t ¼ t0 < t1 < � � � < tN ¼ T , and with the mesh size

kPk ¼ max
16k6N

ðtk � tk�1Þ:

Consider an N-person differential game: for k ¼ 1;2; . . . ;N, the k-th
player controls the system on ½tk�1; tkÞ, starting from the initial state
ðtk�1;Xðtk�1ÞÞ which is the terminal state of the ðk� 1Þ-th player,
and tries to maximize his/her own performance functional. Each
player knows that the later players will do their best, and will
modify their control systems as well as their cost functionals. In
the performance functional, each player discounts the utility
in his/her own way. Then for any given partition P, a Nash equilib-
rium strategy is constructed to the corresponding N-person differ-
ential game. Finally, it can be shown that as the mesh size kPk
approaches to zero, the Nash equilibrium strategy to the N-person
differential game approaches to the desired time-consistent solu-
tion of the original time-inconsistent problem. By this method,
Yong (2011, 2012a) considers a deterministic time-inconsistent lin-
ear-quadratic control problem. Considering a controlled stochastic
differential equation with deterministic coefficients, Yong (2012b)
investigates a time-inconsistent problem with a general cost func-
tional and derives an equilibrium HJB equation.

In this paper, we revisit the consumption–investment problem
(Merton, 1969, 1971) with a general discount function and a loga-
rithmic utility function. In contrast to the references cited above,
we consider this problem in a non-Markovian framework. More
specifically, the coefficients in our model, including the interest
rate, appreciation rate and volatility of the stock, are assumed to
be adapted stochastic processes. To our best knowledge, the liter-
ature on the time-inconsistent problem in a non-Markovian model
is rather limited. A time-inconsistent stochastic linear-quadratic
control problem is studied in a model with random coefficients
by Hu, Jin, and Zhou (2012). A time-consistent strategy is obtained
for the mean–variance portfolio selection by Czichowsky (2013) in
a general semimartingale setting. Following Yong’s method, we
first study an N-person differential game. Similar to Hu, Imkeller,
and Müller (2005) and Cheridito and Hu (2011), we adopt a mar-
tingale method to solve an optimization problem of each player
and characterize their optimal strategies and value functions in
terms of the unique solutions of BSDEs. Then by taking limit, we
show that a time-consistent equilibrium consumption–investment
strategy of the original problem consists of a deterministic function
and the ratio of the market price of risk to the volatility, and the
corresponding equilibrium value function can be characterized
by the unique solution of a family of BSDEs parameterized by a
time variable which can be understood as the initial time of each
player in the N-person differential game.

The remainder of this paper is organized as follows. Section 2
introduces the model. In Section 3, we study the N-person differen-
tial game. Section 4 gives a time-consistent equilibrium strategy
and time-consistent equilibrium value function to the original

problem. Section 5 concludes the paper. Some proofs and technical
results are collected in the appendices.

2. The model

Let T > 0 be a fixed finite time horizon, and fWðtÞg06t6T be a
standard Brownian motion defined on the filtered probability
space ðX;F ; fF tg06t6T ;PÞ. Here the filtration fF tg06t6T is the

augmentation under P of FW
t :¼ rðWðsÞ;0 6 s 6 tÞ; t 2 ½0; T�.

We consider a market which consists of a bond and a stock. The
price of the bond evolves according to the differential equation

dBðsÞ ¼ rðsÞBðsÞds; s 2 ½0; T�;
Bð0Þ ¼ 1:

�
The price of the stock is modeled by the stochastic differential
equation

dSðsÞ ¼ lðsÞSðsÞdsþ rðsÞSðsÞdWðsÞ; s 2 ½0; T�;
Sð0Þ ¼ s0;

�
where s0 > 0. The interest rate process frðtÞg06t6T as well as the
appreciation rate flðtÞg06t6T and volatility frðtÞg06t6T of the stock
are assumed to be fF tg06t6T -adapted and bounded uniformly in
ðt;xÞ 2 ½0; T� �X. In addition, we require that the volatility process
frðtÞg06t6T is bounded away from zero.

A consumption–investment policy is a bivariate process
ðcðtÞ;uðtÞÞ 2 Rþ � R, where cðtÞ is the consumption rate at time t
as a proportion of the wealth and uðtÞ is the proportion of wealth
invested in the stock at time t.

Let

C½t; T� ¼ c : ½t; T� �X! Rþjcð�Þ is a predictable process forf

which
Z T

t
jcðsÞjds <1; a:s:

�
;

U½t; T� ¼ u : ½t; T� �X! Rjuð�Þ is a predictable process forf

which
Z T

t
juðsÞrðsÞj2ds <1; a:s:

�
:

For any initial time t 2 ½0; T� and initial wealth x > 0, applying a con-
sumption–investment policy ðcðsÞ;uðsÞÞ 2 C½t; T� � U½t; T�, the wealth
process of the investor, denoted by Xð�Þ, is governed by

dXðsÞ¼ ½rðsÞ�cðsÞþuðsÞrðsÞhðsÞ�XðsÞdsþuðsÞrðsÞXðsÞdWðsÞ; s2 ½t;T�;
XðtÞ¼ x;

�
ð1Þ

where

hðsÞ :¼ lðsÞ � rðsÞ
rðsÞ :

To emphasize the dependence of the wealth process on the initial
state and the policy, we also write the solution of (1) as
Xð�; t; x; cð�Þ;uð�ÞÞ.

In this paper, we focus on the logarithmic utility function. At
any initial time t 2 ½0; T� with initial wealth x > 0, the performance
functional, i.e. the expected discounted utility from the consump-
tion and terminal wealth is given by

Jðt; x; cð�Þ;uð�ÞÞ ¼ Et

Z T

t
hðs� tÞ lnðcðsÞXðsÞÞdsþ hðT � tÞ ln XðTÞ

� �
;

where Et½�� ¼ E½�jF t� and hð�Þ is a general discount function satisfying

hð0Þ ¼ 1; hð�Þ > 0; h0ð�Þ � 0;
Z T

0
hðsÞds <1:

We also impose a technical assumption on h.
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