
Convergence of the stationary distributions of M/M/s/K
retrial queue as K tends to infinity

Yang Woo Shin

Department of Statistics, Changwon National University, Changwon, Gyeongnam 641-773, Republic of Korea

Received 28 March 2006; accepted 8 March 2007
Available online 26 May 2007

Abstract

We investigate the convergence of the stationary distributions xðKÞ of M/M/s/K retrial queue to the stationary distri-
bution p of M/M/s queue as K tends to infinity. It is showed that xðKÞ converges geometrically to p in l1-sense and the
convergence rate is characterized by the traffic intensity q ¼ k

sl, where k and l are the arrival rate and service rate,
respectively.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

We consider an M/M/s/K retrial queue with s identical servers and K–s waiting positions. Service times of
customers are independent of each other and have a common exponential distribution with parameter l. Cus-
tomers arrive according to a Poisson process with rate k. When an arriving customer finds that all the servers
are busy and no waiting position is available, the customer joins a virtual pool of blocked customers called
orbit and repeats its request after a random amount of time until the customer gets into the service facility.
The capacity of orbit is infinite. The access from orbit to the service facility is governed by the exponential
distribution with rate cn which may depend on the current number n, n P 0 of customers in orbit. That is,
the probability of repeated attempt during the interval ðt; t þ DtÞ, given that n customers are in orbit at time
t, is cnDt þ oðDtÞ. We assume that cn P c1 ¼ c > 0, n P 1 and c0 ¼ 0.

From the retrial phenomena, one can intuitively expect that the behavior of the M/M/s/K retrial queue is
similar to that of ordinary M/M/s queue while there are no customers in orbit and this situation can occur
more frequently as the system is less congested. To reduce the system congestion, at least three ways can
be considered. One way is to increase the retrial rate. Some works have been done from this perspective by
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showing that higher retrial rates result in less system congestion (e.g. Liang and Kulkarni, 1993; Shin, 2006) or
getting closer to the corresponding ordinary queues (Falin and Templeton, 1997). Falin and Templeton (1997)
showed that the stationary distribution of M/M/s/s retrial queue (resp. M/G/1 retrial queue) with retrial rate
cn ¼ nc converges to that of the ordinary M/M/s queue (resp. M=G=1=1 queue) as c tends to infinity and the
convergence rate is Oð1cÞ. Liang (1999) showed that stochastically longer service times or less servers will result
in more customers in the system. From this perspective, one can consider the second way to reduce the system
congestion in retrial queue that is to increase the service rates so that the traffic intensity becomes small and
hence arriving customers get less chance to be rejected and join orbit. The third way is to increase the capacity
K in the service facility. By doing so, arriving customers get more chance to get into the service facility and the
system performance gets closer to the ordinary queue. In this paper, we investigate the third case, that is, we
compare the M/M/s/K retrial queue with the ordinary M/M/s queue as K tends to infinity. The convergence
rate of the stationary distributions of the number of customers in M/M/s/K retrial queues is the main concern
of this paper.

Convergence of the stationary distribution of finite-capacity systems to that of infinite-capacity system in
the class of ordinary queueing systems without retrial phenomena has been investigated by several authors
(Choi and Kim, 2000; Choi et al., 2003a; Heyman and Whitt, 1989; Simonot, 1997, 1998). The preceding
results in ordinary queues are concerned with the convergence of the systems with finite states, while the con-
vergence of the systems with infinite states are considered in this paper.

This paper is organized as follows. In Section 2, the main result is presented. The main result is proved by
comparing with the stationary distributions of some censored Markov chains. The queue length process in M/
M/s/K retrial queue and its censored Markov chain are investigated in Sections 3 and 4, respectively. In Sec-
tion 5, M/M/s/K retrial queue with constant retrial rate is considered for an upper bound of the probability
that there are more than one customers in orbit in the M/M/s/K retrial queue. In Section 6, some numerical
results are presented and the effects of retrial rates to the speed of convergence are numerically investigated.
Finally, concluding remarks are given in Section 7.

2. Main result

Let X K0ðtÞ and X K1ðtÞ represent the number of customers in orbit and in the service facility at time t, respec-
tively in M/M/s/K retrial queue and XK ¼ fX KðtÞ; t P 0g with X KðtÞ ¼ ðX K0ðtÞ;X K1ðtÞÞ. Then the stochastic
process XK is a Markov chain on the state space S ¼ fði; jÞ : i ¼ 0; 1; 2; . . . ; j ¼ 0; 1; 2; . . . ;Kg. We assume
that q ¼ k

sl < 1 which guarantees the existence of the stationary distribution of XK (He et al., 2000). Let

xijðKÞ ¼ lim
t!1

P ðX K0ðtÞ ¼ i;X K1ðtÞ ¼ jÞ; i ¼ 0; 1; 2; . . . ; j ¼ 0; 1; 2; . . . ;K

and xðKÞ ¼ ðx0ðKÞ; x1ðKÞ; x2ðKÞ; . . .Þ with xnðKÞ ¼ ðxn0ðKÞ; . . . ; xnKðKÞÞ, n P 0.
In this section, we present the comparison result between xðKÞ and the stationary distribution

p ¼ fpj; j P 0g of M/M/s queue with arrival rate k and service rate l. In order to map from the state space
f0; 1; 2; . . .g of M/M/s queue to the state space S of XK , we consider M/M/s queue as the M/M/s/K retrial
queue with infinite retrial rate cn ¼ 1, n P 1. Thus if there are n > K customers in M/M/s queue, then we
consider there are n� K customers in orbit and K customers in service facility. From this perspective, we
define ~p ¼ f~pij; ði; jÞ 2Sg as

~pij ¼
pj; i ¼ 0; 0 6 j 6 K;

piþK ; i P 1; j ¼ K;

0; i P 1; 0 6 j 6 K � 1

8><>:
and compare xðKÞ with p using ~p by the following formula:

kp� xðKÞk,
X1
i¼0

XK

j¼0

j~pij � xijðKÞj ¼
XK

j¼0

jpj � x0jðKÞj þ
X1
i¼1

jpiþK � xiKðKÞj þ
X1
i¼1

XK�1

j¼0

xijðKÞ:
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