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Abstract

One of the basic assumptions in Bayesian inspection models is that we have some prior knowledge about the number of
defects in a certain product or software system. The prior knowledge can be often described as a probability distribution
(e.g., Poisson distribution). In the paper, we propose three conditions that should be put forth as desirable properties for a
prior probability distribution of the number of defects in the product. We review various prior probability distributions
and test if they meet those conditions. The negative binomial distribution is found to be the only one that satisfies all
the desirable conditions. With the negative binomial prior, we analyze the effects of various parameters on the Bayesian
estimate of the number of undetected errors still remaining in the product.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Suppose that a certain complex product or a software system is being inspected for any defects, errors, or
non-conformities. Let Z denote the total number of defects in the product, where Z =0,1,...,00. Due to
inspection errors, all the defects are not detected during the inspection process. Based on the number of defects
x discovered during the inspection process, we want to estimate: (i) the unknown number of defects, Z, and (ii)
the unknown number of defects still remaining in the product, Z — x.

The estimation problem is an important aspect of quality control in manufacturing, in which each product
is inspected via visual or machine-aided techniques. When the inspector is unable to identify every defect with
certainty, estimation of the number of undiscovered defects in a complex product (e.g., circuit board, automo-
bile, airplane, or mobile home) is the first step in setting quality assurance levels for the product.

Estimating the number of undiscovered errors is also an important task in software engineering. In software
reliability, the defects correspond to program errors, faults, or ““bugs’ that can be detected and removed by a
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programmer, using some combination of visual scanning of program codes and experimental running of the
program on typical input. The accurate estimation of the number of undetected errors “not only helps certify
the application-readiness of the software, but also provides an indication of the effort that will be needed for
customer support and for the upgrading of future program releases.” (Jewell, 1985)

One of the widely used estimation methods is the Bayesian method, in which the inspector’s prior knowl-
edge on Z is represented by a probability mass function. The prior distribution of Z may be a specific member
of a family of subjective prior distributions. Under reasonably general conditions, for example, Dorris and
Foote (1978, p. 186) claimed that “the distribution of the number of defects per inspection unit is Poisson.”
Other popular choices are the non-informative or improper distribution, compound Poisson distribution, neg-
ative binomial distribution, Neyman distribution, and so on.

In the paper, we propose three major conditions that should be put forth as desirable properties for a prior
distribution of the number of defects. We then examine various prior distributions proposed in the open lit-
erature and check if they meet those conditions. Surprisingly enough, some of the most widely used probabil-
ity distributions, such as the Poisson distribution, fail to satisfy all the three conditions. For example, consider
the Rallis and Landsdowne (2001) inspection plan in which the number of errors in a software document is
described as a Poisson distribution. In such a case, the number of undetected errors still remaining in the soft-
ware document is independent of the number of errors discovered during the inspection. Rallis and Lands-
downe (2001, p. 1056) asserts that “this result seems remarkable because it gives a circumstance in which
the statistical confidence from a Bayesian analysis is actually independent of all observed data.”

The remarkable result is simply attributed to their choice of the Poisson distribution, which fails to satisfy
one of the three conditions proposed in this paper. The use — or misuse — of such distributions has caused some
confusion and misunderstanding among quality professionals about inspection plans for attributes data. This
paper is intended to identify the prior probability distribution that satisfies all the desirable conditions and
clear up the confusion and misunderstanding about the usefulness of Bayesian inspection plans for count data.

In the following section, we review several types of Bayesian inspection plans considered in the literature.
We propose in Section 3 three conditions that should be put forth as desirable properties for a prior proba-
bility distribution of the number of defects. In Section 4, we then review various prior distributions and test if
they meet those conditions. We recommend the negative binomial distribution which is the only one that sat-
isfies all the desirable conditions, and analyze the effects of its parameter values on the Bayesian estimate of the
number of undetected errors in Section 5. Concluding remarks are presented in Section 6. The proof of a prop-
osition is given in Appendix to improve the readability of the paper.

2. Bayesian inspection plan

There are two types of attribute or count data in quality control that deserve special attentions. One is the
number of “defective items” in a production lot, and the other is the number of “defects” in a product. Now-
adays, the terminology, “non-conforming items” and ‘““non-conformities,”” have become more popular. In the
restricted technical sense of the word, however, we call them defective items and defects throughout this paper.
In the paper, we are concerned with the problem of inspecting a product and estimating the number of
“defects” in the product, which should be contrasted with the problem of sampling items from a lot and esti-
mating the number of “defective items” in the lot.

In the latter case, each item is either defective or non-defective, and we are interested in the total number of
defective items Z in the lot, where Z =0,1,..., N. In acceptance sampling, we take a sample of  items from
the lot and only inspect the items in the sample. Based on the number of defective items x in this sample, we
can estimate the lot quality and make a decision regarding the lot. This decision is either to accept or to reject
the lot. Sometime we refer to this decision as lot sentencing.

Such an acceptance sampling plan has been treated extensively in the Bayesian framework (Starbird, 1994),
in which the total number of defective items Z in the lot is described as a prior distribution P[Z]. Some of the
most popular prior distributions for the number of defective items are the discrete uniform distribution, bino-
mial distribution, two-point binomial distribution, and beta-binomial (or Polya) distribution. Mood (1943)
and Hald (1960, 1981) studied various types of prior distribution in the context of acceptance sampling,
but they did not consider inspection errors.
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