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Abstract

This paper attempts to discuss a random fuzzy renewal process based on random fuzzy theory. The interarrival times
are characterized as nonnegative random fuzzy variables which is a more reasonable consideration in the real world.
Under this setting, the rate of the random fuzzy renewal process is discussed and a random fuzzy elementary renewal
theorem is presented. Furthermore, the expected value of renewals in an arbitrary interval is investigated and Black-
well�s theorem in random fuzzy sense is also established.
� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Based on probability theory, a lot of research has been reported in the area of stochastic renewal process
such as Allan [1], Alsmeyer [2], Ferreira [3], Ross [14], Takis [16] and Visaggio [17]. In stochastic renewal
process, an underlying assumption is that the interarrival times are deemed to be random variables. How-
ever, consideration of random uncertainty alone cannot satisfactorily evaluate a process. From a practical
viewpoint, the fuzziness and randomness in one process are often mixed up with each other and it is not
easy to distinguish them. In such a case, fuzziness and randomness are required to be considered
simultaneously.

There are two tools to deal with this kind of phenomena. One is the fuzzy random theory first introduced
by Kwakernaak [5,6]. Roughly speaking, a fuzzy random variable is mathematical description for a fuzzy
random phenomenon and defined as a measurable function from a probability space to a collection of fuzzy
sets. Based on the fuzzy random theory, some fuzzy random processes have been considered by several
authors. Hwang [4] investigated a renewal process in which the interarrival times were considered as
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independent and identically distributed fuzzy random variables and a theorem for the fuzzy rate of fuzzy
random renewal process was provided. Popova and Wu [13] considered a renewal reward process with fuzzy
random interarrival times and rewards. Also, the long-run average fuzzy reward per unit time was stated in
[13]. The other is the random fuzzy theory presented by Liu [7]. In brief a random fuzzy variable is a function
from a possibility space to a collection of random variables. An expected value operator of random fuzzy
variable was introduced by Liu and Liu [11]. Both fuzzy random theory and random fuzzy theory offer pow-
erful tools for describing and analyzing the uncertainty of combining randomness and fuzziness.

In this paper, we shall develop a theory helpful in the study of renewal process with random fuzzy inter-
arrival times. In Sections 2 and 3, we recall some basic concepts and results about fuzzy variables and ran-
dom fuzzy variables, respectively. In Section 4, a renewal process in which the interarrival times are
characterized as random fuzzy variables is discussed and the random fuzzy elementary renewal theorem
as well as Blackwell�s theorem in random fuzzy sense is established.

2. Fuzzy variables

We start this section by giving some concepts and properties of fuzzy variables, which will be used in the
rest of this paper. Let n be a fuzzy variable on a possibility space (H,P(H),Pos) (for the concept of the pos-
sibility space, see [7] and [12]), where H is a universe, P(H) is the power set of H and Pos is a possibility
measure defined on P(H).

Based on the possibility measure Pos, the necessity (Nec) and credibility (Cr) of a fuzzy event {n P r} can
be expressed by

NecfnP rg ¼ 1� Posfn < rg;

CrfnP rg ¼ 1

2
ðPosfnP rg þNecfnP rgÞ;

ð1Þ

respectively.

Definition 1 (Liu [9]). The fuzzy variables n1,n2, . . .,nn are said to be independent if and only if

Posfni 2 Bi; i ¼ 1; 2; . . . ; ng ¼ min
16 i6 n

Posfni 2 Big ð2Þ

for any sets B1,B2, . . .,Bn of R.

Definition 2 (Liu [9]). The fuzzy variables n1,n2, . . .,nn are said to be identically distributed if and only if

Posfni 2 Bg ¼ Posfnj 2 Bg; i; j ¼ 1; 2; . . . ; n; ð3Þ

for any set B of R.

Definition 3 (Liu and Liu [10]). Let n be a fuzzy variable. The expected value E[n] is defined as

E½n� ¼
Z 1

0

CrfnP rgdr �
Z 0

�1
Crfn6 rgdr ð4Þ

provided that at least one of the two integrals is finite. Especially, if n is a nonnegative fuzzy variable, then
E½n� ¼

R1
0

CrfnP rgdr.

Definition 4 (Liu [7]). Let n be a fuzzy variable and a 2 (0,1]. Then

n0a ¼ inffr jPosfn6 rgP ag and n00a ¼ supfr jPosfnP rgP ag ð5Þ
are called the a-pessimistic and a-optimistic values of n, respectively.
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