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In this paper, we present the analytical solution for the model that describes the inter-
action between a three level atom and two systems of N-two level atoms. The effect of the quantum
numbers on the atomic inversion and the purity, for some special cases of the initial states, are inves-
tigated. We observe that the atomic inversion and the purity change remarkably by the change of the
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1. Introduction

The use of statistical mechanics is fundamental to the concepts
of quantum optics: light is described in terms of field operators
for creation and annihilation of photons [1-7]. The develop-
ment of quantum optics started in the 50s and 60s, motivated by
the need to understand photodetection, statistics and coherence
of light within the framework of quantum theory. In the late 50s,
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the seminal Hanbury-Brown and Twiss (HBT) experiment [8,9]
demonstrated the bunching of photons emitted by a classical
chaotic source and stimulated the development of the quantum
theory of optical coherences by Glauber [10-12]. An important
milestone in quantum optics was the demonstration of the non-
classical character of fluorescence radiation emitted by a single
atom and, later, the demonstration of photons sources showing
photon antibunching [13-15]. In recent years the quantum op-
tics of attenuating [16-22] and amplifying [23-27] dielectric me-
dia was developed, where optical modes are described as open
quantum systems. Features of quantum optics are mainly based
on three different types of interaction, namely, field—field, atom—
atom, atom-field interaction. These interactions have been ex-
tensively considered in a huge number of papers; see for exam-
ple Refs. [28-44]. Each one of these interactions represents a
certain type of physical phenomena [45-50]. In fact these types
of interactions have a strong relation between them so that one
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can transform one type to another [51]. This particular kind of
the transformation would enable us to transform field—field in-
teraction into atom—field interaction or atom—atom interaction.
This depends on the nature of which kind of the Hamiltonian
we use to carry out the transformation. The studying of any
kind of these interaction would surely lead to more progress in
the field of quantum optics and consequently it may open the
door to observe or to report a new phenomenon in this field
[52]. In the present communication we are concerned with the
type of atom—atom (spin—spin) interaction, the interaction be-
tween a three level atom and two systems of N-two level atoms.
The time evolution of dynamical systems has attracted consid-
erable attention over the past several decades because of its var-
ious applications [53]. An important aspect in this regard is the
atomic inversion and the purity. The atomic population inver-
sion can be considered as one of the simplest important quanti-
ties, it is defined as “the difference between the probabilities of
finding the atom in its exited state and in its ground state”. The
purity can range between zero, corresponding to a completely
pure state, and (1 — 5), corresponding to a completely mixed
state, (here, d is the dimension of the density matrix). Hence, we
study the atomic inversion and the purity of a three level atom
coupled to two systems of N-two level atoms as an application.

This paper is organized as follows: in Section 2, we will de-
scribe the Hamiltonian of the system of interest, and obtain the
explicit analytical solution of the model describing the interac-
tion between a three level atom and two systems of N-two level
atoms. Different cases are studied to demonstrate the effects due
to the quantum numbers my, m, on the atomic inversion (S.)
and the purity Pg() of the model. Conclusions are summarized
at the end of the paper.

2. The model

The Hamiltonian of our model describes the interaction be-
tween a three level atom coupled to two systems of N-two level
atoms. In this case the Hamiltonian of the whole system can be
written in the form:

H=H0+I{im‘., (1)
where
a=2 p=3
Hy =) wi + ) Q2Sps. )
a=1 p=1
y=2 =3
Hy="0,J9 + " QpSs, 3)
y=I1 p=1
Hy =2 [Szlff) + Jfl)Su] + X [532Jf) + J£2)523], 4)
&,
W =3 Y e L=, )
ky=1
Ql > Qz > 93, (6)
1 =J0 £i0, 0

where w,, y = 1, 2 are the strength of the field (the two systems
of N-two level atoms). The operators S;; satisfy the commuta-
tion relation

[S/cls Snm] = Skmsnl - Snlgkm» (8)

J and J* are the collective angular momentum operators
for N-two level atoms, which satisfy the relations, while J;") and
J) are the collective angular momentum operators for N-two

level atoms, which satisfy the relations

[17, 0] =206, )
[19, 58] =108, (10)

with the operator crfy are the usual Pauli matrices.
We define

[W(0)) = [W(0)) W)y (11)

|“p(0)>j,m = |jls Wl],jz,mz) (12)

[W(0))s = a(0)[1) + 5(0)[2) + ¢(0)]3) 13)

| a(0) > +15b0) >+ 1 ¢0) P=1 (14)
Let

(@) = Apymy DI, j1, m1y, Jo, 12)
+Bﬂ1],ﬂ‘12(l)|27 jl, my + l» j2, m2>
+C)11.)112(t)|37j11m1+11j27m2+1>' (15)

From Schrédinger equation
)
lgl\lf(l» = H|W(0), (16)

we get from Egs. (1) and (15)

.dAm Jmy (t)
l# = OllAml,mz ([) + Al (ml)Bml.mz (f), (17)
By, (1)
ldi = OlZBml,nﬁ (t) + A1 (ml)AH‘Il.Iﬂ') (t)
t 2 2

+A2(m2)cn11,ﬂ12 ), (18)
dCppymy (t
l#() = a3le,m2 (t) + AZ(””Z)Bml,mz (t)7 (19)

dt

where
oy = (0ymy + wymy + Qy), (20)
ay = o1 (my + 1) + wamy + Qo (21)
as=wi(m + 1) +wr(my + 1) + Qs, (22)
A = hie/ G =m) G +mi + 1) k=1,2, (23)

where A, the coupling parameters between spins.
Define
Aml,mz 1) = a(t)e—ia]l’ Bml,mz ) = b(t)eiiazl»
le my (t) = C(t)ei[og’ (24)

by substituting from Eq. (24) in Eqs. (17)-(19) we get the fol-
lowing equations:
da(

D it = Aoy, 25)
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