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Abstract In this paper, we investigate some new nonlinear retarded integral inequalities of Gron-
wall-Bellman—Pachpatte type. These inequalities generalize some former famous inequalities and
can be used as handy tools to study the qualitative as well as the quantitative properties of solutions
of some nonlinear retarded differential and integral equations. An application is also presented to
illustrate the usefulness of some of our results in estimation of solution of certain retarded nonlinear
differential equations with the initial conditions.
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1. Introduction

Integral inequalities involving functions of one independent
variable, which provide explicit bounds on unknown functions

* Corresponding author.
E-mail addresses: ahmedeldeeb(@azhar.edu.eg, ahmed_na707@yahoo.
com (A.A. El-Deeb).

Peer review under responsibility of Egyptian Mathematical Society.

P

ELSEVIER Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.joems.2014.12.001

play a fundamental role in the development of the theory of
linear and nonlinear ordinary differential equations, integral
equations, and differential-integral equations, see for instance
[1-3]. One of the best known and widely used inequalities in
the study of nonlinear differential equations is Gronwall-Bell-
man inequality [4,5], which has become one of the very few
classical and most influential results in the theory and applica-
tions of inequalities. Because of its fundamental importance,
over the years, many generalizations and analogous results
of Gronwall-Bellman inequality have been established, such
as [6-28]. Gronwall-Bellman inequality can be stated as
follows:
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Theorem 1.1. Let f(t) and u(t) be a real-valued nonnegative
continuous functions defined on Dy = [0, h], and let uy and h be
positive constants for which the inequality

t

u(t) < up+ / f(S)u(s)ds, Vte D,.
0

Then

u(t) < upexp (/tf(s)ds)7 Vte D;.
0

However, in certain situations the bounds provided by the
above-mentioned inequalities are not directly applicable, and
it is desirable to find some new estimates which will be equally
important in order to achieve a diversity of desired goals. In
the present paper we establish explicit bounds on retarded
Gronwall-Bellman and Pachpatte-like inequalities and extend
certain results that were proved be El-Owaidy et al. in [13],
which can be used to study the qualitative behavior of the solu-
tions of certain classes of retarded differential equations. In
our results, there are not only composite functions of unknown
functions in iterated integrals on the right hand side of our
inequalities, but also the composite functions of unknown
function exist in every layer of the iterated integrals, also we
illustrate an application of our results, which verifies that
our results are handy tools to study the qualitative properties
of nonlinear differential equations and integral equations.

Theorem 1.2 (Lipovan [10]). Let u,f € C([to, To), Ry). Fur-
ther, let o. € C([to, To), [to, To]) be a nondecreasing with a(t) < t
on [to, To|, and let k be a nonnegative constant.

Then the inequality

o(1)

ut) <k+ [ fis)u(s)ds

ty <t < Ty,

(1)
implies that

o

0
u(t) < kexp ( f(S)dS>, to <t < Ty

a(ty)

Theorem 1.3 (Agarwal [11]). Let ¢ € C(R,, R, ) be an increas-
ing function, u,a,f € C([to, To], R.),a(t) be an increasing func-
tion, and o(t) € C([to, To), [to, To]) be a nondecreasing with
a(t) < t on [ty, Ty| where Ty € (0,00) is a constant . Then the
inequality

o(1)

S(s)$(us))ds,

o(0)

u(t) < a(t) + ty < t < Ty,

implies that
(1)

o(0)

u(h) < w! (W(a(t)) f(s)ds), ty < t < Ty,

where
[ dr
1 (D)

WL is the inverse function of W, and T* is the large number such
that

/46 ds, t>0,

o(T%) S/
f(s)ds < !

W(a(T*))(/a(o) ‘ o

2. Main results

In this section, several new generalized retarded integral
inequalities of Gronwall-Bellman type are introduced.
Throughout this article, R denoted the set of real numbers,
I=1[0,00) is the subset of R, denotes the derivative. C(Z, 1)
denotes the set of all continuous functions from 7 into / and

C'(1,1) denotes the set of all continuously differentiable func-
tions from [ into I.

Theorem 2.1. Let u(t),g(t),f(t) € C(I,I) be nonnegative func-

tions. We suppose that ¢, ¢, o € Cl(l, I) are increasing func-
tions, with ¢'(t) < k, ¢ > 0,a(t) < t,a(0) =0, for all t € I k,ug
be positive constants, If the inequality

o(1)
u(t) < up +
0

(5)p(uls)) [<p<u<s>> v Sguw(u(z))d;} &,
Viel, (2.1)
holds, for all t € I. Then

(1)
u(t) < ¢! (Q(uo) +/0 f(s)ﬁ(oc’](s))dv), Vi el, (2.2)

where
D(r) = /Ir %, r>0, (2.3)
and
B1) = exp ( /;m g(s)ds) (W )~ [ " fexp ([ gu)dz) dy),]
(2.4)

Sorall t € I, such that (¢~ (u)) — k fox(/)f(s) exp ([ g(A)dA)ds >
0,vVte L

Proof. Let z(¢) denotes the function on the right-hand side of
(2.1), which is a nonnegative and nondecreasing function on 7
with z(0) = uy. Then (2.1) is equivalent to

u(t) < z(1), u(e(t)) < z(a(1)) < z(1),  Viel
Differentiating z(z), with respect to ¢, we get

/7 o(r)
= OO o)) + [ elo)otuls)a] e

el

(2.5)

Using (2.5), we get

dz

- S L O e(z((0))y(1), Ve € 1, (2.6)

where y(1) = p(z(1)) + [;" g(s)(z(5) ds.»(0) = p(2(0)) = (o).
»(1) is a nonnegative and nondecreasing function on /. By the
monotonicity ¢,¢’,z and o(r)<t we have o(z(¢)) <y(1),
¢'(z(1)) < k. Differentiating y(¢) with respect to 7, and using
(2.6), we have

% < @' (2(0)e! (1)) (1) + o (1)g (1)) (2(1))
< kol ()f(e(1))y* (1) + o (1)g () (1), Vi€ L
But y(7) > 0, from (2.7) we get

2.7)
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