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Abstract In the present article, we define difference operators By (a[m]) and By(a[m]) which rep-

Difference operators

By (a[m]) and By(ajm));
Cesaro mean operator;
Riesz mean and generalized
mean operator

resent a lower triangular and upper triangular infinite matrices, respectively. In fact, the operators
B;(alm]) and By(a[m]) are defined by (B.(a[m])x), => 1 oari(i)xk—; and (By(alm])x),
=3 arsi(i)xpsi for all k,m € Ny ={0,1,2,3,...}, where a[m] = {a(0),a(1),...a(m)}, the set of
convergent sequences a(i) = (ax(i))cn, (0 < i < m) of real numbers. Indeed, under different limiting
conditions, both the operators unify most of the difference operators defined by various triangles
such as 4,4V 4™ A" (m e Ny), 4%, 4% (« € R), B(r,s), B(r, s, 1), B(7,§,1,i1), and many others.
Also, we derive an alternative method for finding the inverse of infinite matrices By (a[m]) and
By(ajm]) and as an application of it we implement this idea to obtain the inverse of triangular
matrices with finite support.
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1. Introduction, preliminaries and definitions

Difference operators are one of the important subclasses of
Toeplitz operators where most of them are reduced to triangles
under different limiting conditions. Triangular matrices have
several applications in scientific computations and engineering,
and the most useful contributions are solving the system of
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linear equations and finding spectral properties of bounded
linear operators. Several methods have been employed to find
the inverse of a triangle such as back ward substitution and elim-
ination methods. The main idea of this note is to study certain
triangles and derive an alternative method for their inverses.

Let w be the space all real valued sequences and for
m € Ng,alm] be the set of convergent sequences a(i)
= (@ (1)) en, (0 < i< m) of real numbers. Let x = (xz) be
any sequence in w, then we define the generalized difference
operators By (a[m]) and By(a[m]) as :

(Br(alm])x), = ax(0)xx + ar—1 (1) X1 + ar2(2) x50 + -+ -
+ a/c—m(”n)xk—m and

(Bu(a[m])x), = ax(0)xx + a1 (1)xp 1 + ary2(2)Xpa + -+
+ a/c+m(m)xk+m (k S NO)
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It is being understood conventionally that any term with neg-
ative subscript is equal to zero. The operators By (a[m]) and
By(a[m]) can be expressed as a lower triangular matrix (L)
and an upper triangular matrix (U,), respectively, where

ay(0) 0 0 .. 0 0
ao(l) ay (0) 0 e 0 0
00(2) 6{1(1) az(O) 0 0
(L) = : : : R : R
ap(m) ay(m—=1) aa(m—-2) ... a,(0) 0
0 ai(m)  am—1) ... a,(l) a,.(0)
and
ap(0) ap(l) ao(2) ao(m) 0
0  a(0) a(l) am-=1)  a(m)
0 0 a(0) a(m—2) a(m—1)
(Unk) = . :
0 0 0 a(0) an(1)
0 0 0o ... 0 am+1(0)

Different kinds of triangles via difference operators have been
studied by various authors. For instance, triangles such as
double banded 4, triple banded B(r,s,t), fourth banded
B(7,5,,i), and (m+ 1) banded 4" matrices have been intro-
duced by Kizmaz [1], Furkan et al. [2], Dutta and Baliarsingh
[3] and Et and Colak [4], respectively. Altay and Basar [5] and
Dutta and Baliarsingh [6] have studied the spectral properties
of difference operators B(r,s) and 4°, respectively. In fact, the
detailed study of these operators involving topological proper-
ties, duals, matrix transformations and spectral properties is
only possible by determining their inverse operators. Recently,
Baliarsingh [7] and Dutta and Baliarsingh [§] have introduced
fractional order difference matrix A4* and (m + 1)sequential
band matrix B(a[m]) and derived their corresponding inverse
operators. However, the explicit formula for inverse of the
lower triangle B(a[m]) has been employed in [8]. In fact, in that
article this result has been proved by using counter examples,
but in this investigation, we demonstrate these results in a
more general way and extend those to upper triangular
matrices.

Now, we define certain triangles generated by various

k € Ng. Let r = (1), s = (s¢), and ¢ = () be three sequences
in U and

n
T, := sz(n e Ny).
k=0
Then the Cesaro mean of order one and Riesz mean with

respect to the sequence ¢ = (7;) are defined by the matrices
Ci = (cu) and R = (), respectively (see [9,10]), where

L (0<k<n)
nk ‘= mr S ) 7kEN
o {07 (k > n) (n o)
Lo (0<k<n)
foi=g T’ , ,k € Np).
Pk {0’ (k > n) (n 0)

The generalized mean of the sequence x = (x;) can be com-
puted by using A(r,s,t)—transform of x (see [I1]), where
A(r, s, t) represents an infinite matrix a,, and

o L (0<k<n)
Ay =
0,

nyk € Np).

(k>n) . o)

2. Main results

In this section, we study certain results concerning the linear-
ity, boundedness, and inverse properties of the infinite differ-
ence matrices By (a[m]) and By(a[m]). However, the results
are valid for a matrix of infinite order, but it is convenient to
implement those for the matrices of finite order.

Theorem 1. The operators By (a[m]) and By(a[m)) defined from
w to w are bounded linear operators.

Proof. Linearity of the operators By (a[m]) and By(a[m]) are
obvious and for boundedness,

[1BL(alm])|| = [|Bu(alm])| = sup

(keNg,0<i<m)

(m+ Dla (). 0O

Theorem 2. [8], Theorem 2If a;(0)#0 for all k € Ny, then an
explicit formula for inverse of the difference operator By(a[m])
is given by

o (k=)

L)} = (7,1—)”4D(/i), alm)),
nk H/:ka/(o) n A( [ D

means of the sequence x = (x;). Let U be the set of all 0, (k>n)
sequences u = () of real numbers such that u;#0 for all
where
ak(l) ak+1(0) 0 0
ak(2) (23] (1) Ajey2 (0) 0 0
DW(alm]) = |ar(m) a1 (m—1)  aga(m—2) a1 (1) an(0) ... 0 , (m=1).
0 Ay (M) Qpin(m) an1(2) a,(l) ... 0
0 0 Ap—m (’/n) Apik—1 (1)




Download English Version:

https://daneshyari.com/en/article/483442

Download Persian Version:

https://daneshyari.com/article/483442

Daneshyari.com


https://daneshyari.com/en/article/483442
https://daneshyari.com/article/483442
https://daneshyari.com

