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Abstract In the present article, we define difference operators BLða½m�Þ and BUða½m�Þ which rep-

resent a lower triangular and upper triangular infinite matrices, respectively. In fact, the operators

BLða½m�Þ and BUða½m�Þ are defined by ðBLða½m�ÞxÞk ¼
Pm

i¼0ak�iðiÞxk�i and ðBUða½m�ÞxÞk
¼
Pm

i¼0akþiðiÞxkþi for all k;m 2 N0 ¼ f0; 1; 2; 3; . . .g, where a½m� ¼ fað0Þ; að1Þ; . . . aðmÞg, the set of

convergent sequences aðiÞ ¼ ðakðiÞÞk2N0
ð0 6 i 6 mÞ of real numbers. Indeed, under different limiting

conditions, both the operators unify most of the difference operators defined by various triangles

such as D;Dð1Þ;Dm;DðmÞðm 2 N0Þ;Da;DðaÞða 2 RÞ;Bðr; sÞ;Bðr; s; tÞ;Bð~r; ~s; ~t; ~uÞ, and many others.

Also, we derive an alternative method for finding the inverse of infinite matrices BLða½m�Þ and
BUða½m�Þ and as an application of it we implement this idea to obtain the inverse of triangular

matrices with finite support.
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1. Introduction, preliminaries and definitions

Difference operators are one of the important subclasses of

Toeplitz operators where most of them are reduced to triangles
under different limiting conditions. Triangular matrices have
several applications in scientific computations and engineering,

and the most useful contributions are solving the system of

linear equations and finding spectral properties of bounded
linear operators. Several methods have been employed to find

the inverse of a triangle such as back ward substitution and elim-
ination methods. The main idea of this note is to study certain
triangles and derive an alternative method for their inverses.

Let w be the space all real valued sequences and for
m 2 N0; a½m� be the set of convergent sequences aðiÞ
¼ ðakðiÞÞk2N0

ð0 6 i 6 mÞ of real numbers. Let x ¼ ðxkÞ be
any sequence in w, then we define the generalized difference

operators BLða½m�Þ and BUða½m�Þ as :

ðBLða½m�ÞxÞk ¼ akð0Þxk þ ak�1ð1Þxk�1 þ ak�2ð2Þxk�2 þ � � �
þ ak�mðmÞxk�m and

ðBUða½m�ÞxÞk ¼ akð0Þxk þ akþ1ð1Þxkþ1 þ akþ2ð2Þxkþ2 þ � � �
þ akþmðmÞxkþmðk 2 N0Þ:
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It is being understood conventionally that any term with neg-

ative subscript is equal to zero. The operators BLða½m�Þ and
BUða½m�Þ can be expressed as a lower triangular matrix ðLnkÞ
and an upper triangular matrix ðUnkÞ, respectively, where

ðLnkÞ ¼

a0ð0Þ 0 0 . . . 0 0 . . .

a0ð1Þ a1ð0Þ 0 . . . 0 0 . . .

a0ð2Þ a1ð1Þ a2ð0Þ . . . 0 0 . . .

..

. ..
. ..

. . .
. ..

. ..
. ..

.

a0ðmÞ a1ðm� 1Þ a2ðm� 2Þ . . . amð0Þ 0 . . .

0 a1ðmÞ a2ðm� 1Þ . . . amð1Þ amþ1ð0Þ . . .

..

. ..
. ..

. ..
. ..

. ..
. . .

.

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
;

and

ðUnkÞ ¼

a0ð0Þ a0ð1Þ a0ð2Þ . . . a0ðmÞ 0 . . .

0 a1ð0Þ a1ð1Þ . . . a1ðm� 1Þ a1ðmÞ . . .

0 0 a2ð0Þ . . . a2ðm� 2Þ a2ðm� 1Þ . . .

..

. ..
. ..

. . .
. ..

. ..
. ..

.

0 0 0 . . . amð0Þ amð1Þ . . .

0 0 0 . . . 0 amþ1ð0Þ . . .

..

. ..
. ..

. ..
. ..

. ..
. . .

.

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
:

Different kinds of triangles via difference operators have been
studied by various authors. For instance, triangles such as

double banded D, triple banded Bðr; s; tÞ, fourth banded
Bð~r; ~s; ~t; ~uÞ, and ðmþ 1Þ banded Dm matrices have been intro-
duced by Kızmaz [1], Furkan et al. [2], Dutta and Baliarsingh
[3] and Et and Çolak [4], respectively. Altay and Bas�ar [5] and
Dutta and Baliarsingh [6] have studied the spectral properties
of difference operators Bðr; sÞ and D2, respectively. In fact, the
detailed study of these operators involving topological proper-

ties, duals, matrix transformations and spectral properties is
only possible by determining their inverse operators. Recently,
Baliarsingh [7] and Dutta and Baliarsingh [8] have introduced

fractional order difference matrix Da and ðmþ 1Þsequential
band matrix Bða½m�Þ and derived their corresponding inverse
operators. However, the explicit formula for inverse of the

lower triangle Bða½m�Þ has been employed in [8]. In fact, in that
article this result has been proved by using counter examples,
but in this investigation, we demonstrate these results in a
more general way and extend those to upper triangular

matrices.
Now, we define certain triangles generated by various

means of the sequence x ¼ ðxkÞ. Let U be the set of all

sequences u ¼ ðukÞ of real numbers such that uk–0 for all

k 2 N0. Let r ¼ ðrkÞ; s ¼ ðskÞ, and t ¼ ðtkÞ be three sequences
in U and

Tn :¼
Xn
k¼0

tkðn 2 N0Þ:

Then the Cesàro mean of order one and Riesz mean with
respect to the sequence t ¼ ðtkÞ are defined by the matrices

C1 ¼ ðcnkÞ and Rt ¼ ðrtnkÞ, respectively (see [9,10]), where

cnk :¼
1

nþ1 ; ð0 6 k 6 nÞ
0; ðk > nÞ

;

�
ðn; k 2 N0Þ

rtnk :¼
tn
Tn
; ð0 6 k 6 nÞ

0; ðk > nÞ
;

�
ðn; k 2 N0Þ:

The generalized mean of the sequence x ¼ ðxkÞ can be com-
puted by using Aðr; s; tÞ�transform of x (see [11]), where

Aðr; s; tÞ represents an infinite matrix ank and

ank :¼
sn�ktk
rn

; ð0 6 k 6 nÞ
0; ðk > nÞ

;

�
ðn; k 2 N0Þ:

2. Main results

In this section, we study certain results concerning the linear-
ity, boundedness, and inverse properties of the infinite differ-
ence matrices BLða½m�Þ and BUða½m�Þ. However, the results
are valid for a matrix of infinite order, but it is convenient to

implement those for the matrices of finite order.

Theorem 1. The operators BLða½m�Þ and BUða½m�Þ defined from
w to w are bounded linear operators.

Proof. Linearity of the operators BLða½m�Þ and BUða½m�Þ are
obvious and for boundedness,

kBLða½m�Þk ¼ kBUða½m�Þk ¼ sup
ðk2N0 ;06i6mÞ

ðmþ 1ÞjakðiÞj: �

Theorem 2. [8], Theorem 2If akð0Þ–0 for all k 2 N0, then an
explicit formula for inverse of the difference operator BLða½m�Þ
is given by

L�1nk ¼

1
anð0Þ ; ðk ¼ nÞ
ð�1Þn�kQn

j¼k
ajð0Þ

D
ðkÞ
n�kða½m�Þ; ð0 6 k 6 n� 1Þ

0; ðk > nÞ

;

8>>><
>>>:

ðn; k 2 N0Þ:

where

DðkÞn ða½m�Þ ¼

akð1Þ akþ1ð0Þ 0 . . . 0 0 . . . 0

akð2Þ akþ1ð1Þ akþ2ð0Þ . . . 0 0 . . . 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

akðmÞ akþ1ðm� 1Þ akþ2ðm� 2Þ . . . am�1ð1Þ amð0Þ . . . 0

0 akþ1ðmÞ akþ2ðmÞ . . . am�1ð2Þ amð1Þ . . . 0

..

. ..
. ..

. ..
. ..

. ..
. . .

. ..
.

0 0 . . . an�mðmÞ . . . . . . . . . anþk�1ð1Þ

�������������������

�������������������

; ðn P 1Þ:
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