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In this paper, the notion of mixed f, g monotone mapping is introduced, and the coupled
coincidence point theorem for nonlinear contractive mappings in partially ordered complete metric
spaces has been proved. Presented theorems are generalizations of the recent fixed point theorems
due to Lakshmikantham and Ciri¢ (2009) [17] and include several recent developments. Also, using
the theory of countable extension of t-norm, it has been proved that a common fixed point theorem
given in Ciri¢ (2011) [12] hold for a more general classes of t-norms in fuzzy metric spaces. Their
theorem can be used to investigate a large class of problems and has discussed the existence and
uniqueness of solution for a periodic boundary value problem.
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1. Introduction and preliminaries

The Banach contraction principle is one of the most important
fixed point theorem, end generalized in various directions. For
more results, we refer [1-25]. Boyd and Wong [4] extended the
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Banach contraction principle to the case of nonlinear contrac-
tion mappings. Ran and Reurings [23] proved a Banach contrac-
tion principle in partially ordered metric spaces. After that,
many authors have continued research (see [2,3,17,20,21]). In
a recent papers, Bhaskar and Lakshmikantham [3] and
Lakshmikantham and Ciri¢ [17] proved a coupled fixed point
results for mixed monotone and contraction mapping in par-
tially ordered metric spaces. Bhaskar and Lakshmikantham [3]
noted that their theorem can be used to investigate a large class
of problems and has discussed the existence and uniqueness of
solution for a periodic boundary value problem.

Definition 1.1. Let (X,<) be a partially ordered set and
F: X — Xis such that for x,y € X, x < y implies F(x) < F(y).

1110-256X © 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

http://dx.doi.org/10.1016/j.joems.2014.06.002


http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2014.06.002&domain=pdf
mailto:sedghi_gh@yahoo.com
mailto:poom.kum@    kmutt.ac.th
mailto:poom.kum@    kmutt.ac.th
mailto:tatjanad@tf.uns.ac.rs
mailto:nabi_shobe@yahoo.com
http://dx.doi.org/10.1016/j.joems.2014.06.002
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2014.06.002

344

S. Sedghi et al.

Then, a mapping F is said to be non-decreasing. Similarly, it is
defined as a non-increasing mapping.

Lakshmikantham and Ciri¢ [17] introduced the following
notions of a mixed monotone mapping and a coupled fixed
point.

Definition 1.2 [17]. Let (X,<) be a partially ordered set,
F:XxX— X and g: X — X. We say F has the mixed
g-monotone property if F is monotone g-non-decreasing in
its first argument and is monotone g-non-increasing in its
second argument, that is, for any x,y € X,

X1, % € X, g(x1) < g(xz) implies F(x1,y) < F(xa,) (1)
and

Y.y € X, g(y) <g(y,) implies F(x,y,) = F(x,»,). (2)

Definition 1.3 [17]. An element (x,y) € X x X is called a cou-
pled coincidence point of a mapping F: X x X — X and
g: X—-Xif
Fx,y) =g(x), F(y,x)=g(y)

Definition 1.4 [17]. Let X be a non-empty set and

F:XxX—Xand g: X — X. Wesay F and g are commuta-
tive if

g(F(x,y)) = F(g(x),g(»))
for all x,y € X.

The main theoretical results of Lakshmikantham and Ciri¢
in [17] are the following coupled coincidence point theorems.

Theorem 1.5 [17]. Let (X,<) be a partially ordered set and
suppose there is a metric d on X such that (X,d) is a complete
metric space. Assume there is a function ¢ : [0,400) —|[0, +00)
with @(t) <t and lim._,@(r) <t for each t>0 and also
suppose F: X x X — X and g : X — X are such that F has the
mixed g-monotone property and

d(F(x, ), Fu,v)) < @ (d(g(x)ag(u)) ;—d(g(y)7g(v))>

3)
Sfor all x,y,u,ve X for which g(x) < g(u) and g(y) = g(v).
Suppose F(X x X) Cg(X),g is continuous and commutes with

F and also suppose either

(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {x,} — x,

then x, < x for all n, (4)
(ii) if a non-increasing sequence {y,} — y,
then 'y <y, for all n. (5)

If there exists xo,y, € X such that
g(xo) < F(xo,¥9) and g(yo) = F(yg, Xo),

then there exist x,y € X such that

g(x) = F(x,y) and g(y) = F(y, x),
that is, F and g have a coupled coincidence.

Recently, coupled coincidence point results can see in
[26-29]. Inspired with Definition 1.3 we introduce in this paper
the concept of a mixed fg-monotone mapping and prove a cou-
pled coincidence fixed point theorems for nonlinear contrac-
tive mappings in partially ordered complete metric spaces.

Since the probabilistic metric spaces introduced by Menger
[30] are a natural generalization of a metric spaces, Cirié et al.
[12,13] introduced a concept of monotone-generalized contrac-
tion in partially ordered probabilistic metric space, and they
proved a common fixed point theorem. In [12] Ciri¢ et al.
introduced the concept of mixed monotone-generalized con-
traction in partially ordered probabilistic metric space, and
they proved a coupled coincidence and coupled fixed point the-
orem where they used a t-norm of H-type. Inspired with that in
this paper, we proved that the result in [12] hold for a more
general class of t-norms.

Through this paper with A*, we denoted the space of all
distribution function, ie. A" ={F:RU[0,1] = [0,1]: Fis
left continuous and non-decreasing on R, F(0) = 0 and F(+
oo) =1} and the subset D" CAT is the set D' ={F¢
A" [T F(+00) = 1}, where the [ f(x) denotes the left limit
of the function f at the point x. The space A" is partially
ordered by the usual point-wise ordering of function, i.e.
F < G if and only if F(x) < G(x) for all x € R. The maximal
element for A* in this order is the distribution function

[0 <0
foll) = 1, ift>0.

Definition 1.6. A mapping 7: [0, 1] x [0,1] — [0, 1] is called a
triangular norm (a t-norm) if the following conditions are
satisfied:

e T(a,1)=aforallac|0,1];

o T(a,b) =T(b,a) for all a,b € [0, 1];

ea>bh c>d= T(ac)>T(bd) (ab,cdecl0]l]);
o T(a,T(b,c)) = T(T(a,b),c) (a,b,ce€[0,1]).

The following are the four basic t-norms (see [31]):
T‘M(ny):min(%)/): TP(X,y)ZX'y,
TL(x7y) = max(x+y - 170)
TD(x>y) = {

min(x,y) ifmax(x,y) =1,

0 otherwise.

Some important families of t-norms are given in the following
example (see [31]):

Example 1.7.
(i) The Dombi family of t-norms (Tf)m[o_ o] which is
defined by
TD (x7 y)? /“ =0
T (x, y) = Tyu(x, y), /=00

—77, 4€(0, 00).
B (0, o0)
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