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Abstract We study the two analytical methods, the classical method of successive approxima- 
tions (Picard method), Adomian decomposition method (ADM) see (Abbaoui and Cherruault, 1994; 
Adomian et al., 1992; Adomian, 1995) [1–3] and the (numerical method) predictor corrector method 
(PECE) for an initial value problem of arbitrary (fractional) orders differential equation (FDE). The 
existence and uniqueness of the solution will be proved and the convergence will be discussed for each 
method. Some examples will be studied. 
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1. Introduction 

Let α ∈ [0 , 1) . In this paper, we study the existence and unique- 
ness of the solution of the initial value problem 

dx 

dt 
+ D 

αx ( t ) = f ( t , x ( t ) ) , 0 < α < 1 , (1) 

x ( 0 ) = ˜ x . (2) 
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We apply the three methods Adomian, Picard and predictor–
corrector to obtain numerical solution of the problem (1) and 

(2) . 
Now, the definition of the fractional-order integral and dif- 

ferential operators are given by the following. 

Definition 1. Let β be a positive real number, the fractional- 
order integral of order β of th function f is defined on the in- 
terval [0 , T ] by 

I β0 f ( t ) = 

∫ t 

0 

( t − s ) β−1 

�( β) 
f ( s ) ds 

and the fractional-order derivative of the function f ∈ C 

1 [0 , T ] 
of order α ∈ (0 , 1] is defined by 

D 

α f (t) = I 1 −α df 
dt 

. 
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2. Uniqueness theorem 

Now, the initial value problem (1) and (2) will be investigated 

under the following assumptions: 

(i) f : J = [0 , T ] × D → R is continuous where D is a closed 

subset of R ; 
(ii) f satisfies the Lipschitz condition with Lipschitz con- 

stant L 

i.e 

| f (t, x ) − f (t, y ) | ≤ L | x − y | , ∀ (t, x ) , (t, y ) ∈ I × D . 

Let C = C(J) be the space of all real-valued functions which 

are continuous on J. 

Definition 2. By a solution of the problem (1) and (2) we mean a 
function x ∈ C[0 , T ] . This function satisfies the problem (1) and 

(2) . 
Let x (t) be a solution of the initial value problem (1) and (2) . 

Integrating (1) we obtain 

x ( t ) − ˜ x + I 1 −α
(
x ( t ) − ˜ x 

) = I f (t, x ) , 

then we have 

x ( t ) = ˜ x 

(
1 + 

t 1 −α

�( 2 − α) 

)
−

∫ t 

0 

( t − s ) −α

�( 1 − α) 
x ( s ) ds 

+ 

∫ t 

0 
f ( s, x ( s ) ) ds . (3) 

Now let x ∈ C(J) be a solution of the integral Eq. (3) , then 

dx 

dt 
= 0 + ˜ x 

( 1 − α) t −α

�( 2 − α) 
− d 

dt 

∫ t 

0 

( t − s ) −α

�( 1 − α) 
x ( s ) ds 

+ 

d 
dt 

∫ t 

0 
f ( s, x ( s ) ) ds = ˜ x 

t −α

�( 1 − α) 

− ˜ x 

t −α

�( 1 − α) 
− I 1 −α dx 

dt 
+ f ( t, x ) 

and 

dx 

dt 
+ D 

αx ( t ) = f ( t , x ( t ) ) 

also 

˜ x = ˜ x 

(
1 + 

t 1 −α

�( 2 − α) 

)
t=0 

−
(∫ t 

0 

( t − s ) −α

�( 1 − α) 
x ( s ) ds 

)
t=0 

+ 

(∫ t 

0 
f ( s, x ( s ) ) ds 

)
t=0 

then the problem (1) and (2) and the integral Eq. (3) are equiv- 
alent. 

Comparison between analytical methods is studied in many 
papers, for examples [4–7] . 

Define the operator F as 

( F x ) ( t ) = ˜ x 

(
1 + 

t 1 −α

�( 2 − α) 

)
−

∫ t 

0 

( t − s ) −α

�( 1 − α) 
x ( s ) ds 

+ 

∫ t 

0 
f ( s, x ( s ) ) ds , α > 0 , ∀ x ∈ C . 

Theorem 1. Let the assumptions (i)–(ii) be satisfied if LT + 

T 1 −α

�(2 −α) 
< 1 , then the initial value problem (1) has a unique solu- 

tion x ∈ C. 

Proof. Firstly we prove that F : C → C is continuous. 
let x ∈ C(J) , t 1 , t 2 ∈ J such that | t 2 − t 1 | < δ

F x ( t 2 ) − F x ( t 1 ) = ˜ x 

t 1 −α
2 

�( 2 − α) 
−

∫ t 2 

0 

( t 2 − s ) −α

�( 1 − α) 
x ( s ) ds 

+ 

∫ t 2 

0 
f ( s, x ( s ) ) ds − ˜ x 

t 1 −α
1 

�( 2 − α) 

+ 

∫ t 1 

0 

( t 1 − s ) −α

�( 1 − α) 
x ( s ) ds −

∫ t 1 

0 
f ( s, x ( s ) ) ds 

| F x ( t 2 ) − F x ( t 1 ) | ≤
∣∣ ˜ x 

∣∣ ∣∣t 1 −α
2 − t 1 −α

1 

∣∣
�( 2 − α) 

−
∫ t 2 

0 

( t 2 − s ) −α

�( 1 − α) 
| x ( s ) | ds 

+ 

∫ t 1 

0 

( t 1 − s ) −α

�( 1 − α) 
| x ( s ) | ds + 

∫ t 2 

t 1 
| f ( s, x ( s ) ) | ds 

‖ F x ( t 2 ) − F x ( t 1 ) ‖ = max 
t∈ J 

| F x ( t 2 ) − F x ( t 1 ) | 

≤ ‖ ̃  x ‖ 
∣∣t 1 −α

2 − t 1 −α
1 

∣∣
�( 2 − α) 

− ‖ x ‖ 
∫ t 2 

0 

( t 2 − s ) −α

�( 1 − α) 
ds 

+ ‖ x ‖ 
∫ t 1 

0 

( t 1 − s ) −α

�( 1 − α) 
ds + k 

∫ t 2 

t 1 
ds 

≤ ‖ ̃  x ‖ 
∣∣t 1 −α

2 − t 1 −α
1 

∣∣
�( 2 − α) 

+ 

‖ x ‖ 
�( 2 − α) 

∣∣t 1 −α
2 − t 1 −α

1 

∣∣ + k | t 2 − t 1 | 

≤
(‖ ̃  x ‖ + ‖ x ‖ )
�( 2 − α) 

∣∣t 1 −α
2 − t 1 −α

1 

∣∣ + k | t 2 − t 1 | ≤∈ 

where 

| f ( t , x ( t ) ) | ≤ k, 

This proves that F : C[0 , T ] → C[0 , T ] . 
Now we prove that F is contraction, for this we have 

F x − F y = −
∫ t 

0 

( t − s ) −α

�( 1 − α) 
x ( s ) ds + 

∫ t 

0 
f ( s, x ( s ) ) ds 

+ 

∫ t 

0 

( t − s ) −α

�( 1 − α) 
y ( s ) ds −

∫ t 

0 
f ( s, y ( s ) ) ds 

| F x − F y | ≤
∫ t 

0 

( t − s ) −α

�( 1 − α) 
| x ( s ) − y ( s ) | ds 

+ 

∫ t 

0 
| f ( s, x ( s ) ) − f ( s, y ( s ) ) | ds 

≤
∫ t 

0 

( t − s ) −α

�( 1 − α) 
| x ( s ) −y ( s ) | ds + L 

∫ t 

0 
| x ( s ) − y ( s ) | ds 

≤ ‖ x − y ‖ 
∫ t 

0 

( t − s ) −α

�( 1 − α) 
ds + LT ‖ x − y ‖ 

‖ F x − F y ‖ ≤ ‖ x − y ‖ 
(

LT + 

T 

1 −α

�( 2 − α) 

)
. 
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