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Abstract In this paper, we define a new subclass of meromorphic close-to-convex univalent func- 
tions defined in the punctured open unit disc by using a differential operator. Some inclusion results, 
convolution properties and several other properties of this class are studied. 
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1. Introduction 

Let � denote the class of functions of the form 

f (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k z k , (1.1) 
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which are analytic and univalent in E 

∗ = { z : 0 < | z | < 1 } = 

E{ 0 } . For the functions 

f (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k z k and g(z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

b k z k , z ∈ E 

∗, 

analytic in E 

∗, their Hadamard product or convolution, f ∗ g, 
is the function defined by 

( f ∗ g)(z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k b k z k , z ∈ E 

∗, 

where (∗) stands for convolution sign. 
The theory of linear operators plays an important role 

in geometric function theory. Several differential and inte- 
gral operators were introduced and studied, see for example 
[1,3,16,21,22,25,27] . For the recent work on linear operators for 
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meromorphic functions, we refer to [4,6,10,11] . In this work 

we consider the operator defined by El-Ashwah [10] and El- 
Ashwah and Aouf [11,12] . For λreal, l > 0 and n ∈ N 0 = N ∪ 

{ 0 } , the linear operator D 

n (λ, l ) : � → � was defined by 

D 

n f (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

[
l + λ( k + 1 ) 

l 

]n 

a k z k , z ∈ E 

∗. (1.2) 

Clearly D 

0 f (z ) = f (z ) and D 

1 (1 , 1) f (z ) = 2 f (z )) + z f ′ (z ) . 
It is noted that 

λz 
(
D 

n f (z ) 
)′ n +1 f (z ) − ( λ + l ) D 

n f (z ) , z ∈ E 

∗. (1.3) 

For λ = 1 , the operator D 

n (1 , l ) f (z ) was introduced and stud- 
ied by Cho et al. [7,8] . The case D 

n (λ, 1) f (z ) was considered by 
Al-Oboudi and Al-Zkeri [2] . Further the operators D 

n (1 , 1) f (z ) 
and D 

1 (−1 , 1) f (z ) were investigated by Uralegaddi and So- 
manatha [27] and Noor and Ahmad [23] respectively. 

For α, (0 ≤ α < 1) , a function f (z ) ∈ � is said to be mero- 
morphic starlike and convex of order α if it satisfies 

−R e 
{

z f ′ (z ) 
f (z ) 

}
> α, z ∈ E , 

and 

−R e 

{ (
z f ′ (z ) 

)′ 

f ′ (z ) 

} 

> α, z ∈ E , 

respectively. We denote the former class of functions as �∗(α) 

and the later one by �k (α) . These classes have been studied by 
Pommerenke [24] , Clunie [9] and Miller [19,20] . Further a func- 
tion f (z ) ∈ � is said to be from the class �c (α) , if it satisfies 

−R e 
{
z 2 f ′ (z ) 

}
> α, z ∈ E . (1.4) 

This class was investigated by Ganigi and Uralegaddi [14] , Cho 

and Owa [5] and Wang and Guo [28] . 

Definition 1. A function f given by (1.1) is said to belong to the 
class �g (α) of meromorphic close-to-convex functions if there 
exists a function g ∈ �∗(α) such that 

−R e 
{

z f ′ ( z ) 
g ( z ) 

}
> 0 , z ∈ E . 

This class of functions was introduced and studied by Libera 
and Robertson [17] . 

Remark 1. In [14] it was shown that if a function f (z ) ∈ �c (α) , 
then it is meromorphic close-to-convex of order α. 

Let f and g be two analytic functions in E . We say that f is 
subordinate to g , written f ≺ g, if there exists a Schwarz func- 
tion w (z ) , analytic in E with w (0) = 0 and | w (z ) | < 1 such that 
f (z ) = g(w (z )) . If g is univalent in E , then f ≺ g is equivalent 
to f (0) = g(0) and f (E ) ⊂ g(E ) . 

A sequence of non-negative numbers { c n } is said to be a con- 
vex null sequence if c k → 0 as k → ∞ and 

c 0 − c 1 ≥ c 1 − c 2 ≥ · · · ≥ c k − c k +1 ≥ · · · ≥ 0 . 

Now we define the following class of functions by using the op- 
erator defined in (1.2) . 

Definition 2. A function f (z ) ∈ � is said to be in the class 
�n (λ, α) , if and only if 

−R e 
{ 

z 2 
(
D 

n f (z ) 
)′ } 

> α, z ∈ E , ( n ∈ N 0 ) . 

When n = 0 , we obtain the class �c (α) of meromorphic 
functions, which was studied by Ganigi and Uralegaddi [14] , 
Cho and Owa [5] and Wang and Guo [28] . 

2. Preliminary results 

We need the following results. 

Lemma 1 [26] . If p(z ) is analytic in E with p(0) = 1 and 
R e { p(z ) } > 1 / 2 , z ∈ E, then for any analytic function F, in E, the 
function P ∗ F takes its values in the convex hull of F (E ) . 

Lemma 2 [13] . Let { c k } ∞ 

k =0 be a convex null sequence. Then the 
function 

p(z ) = 

c 0 
2 

+ 

∞ ∑ 

k =1 

c k z k , z ∈ E , 

is analytic and R e { p(z ) } > 0 in E. 

The following result is due to Hallenbeck and Ruscheweyh. 

Lemma 3 [15] . Let the function h (z ) be convex univalent in E 

with 

h (0) = 1 , γ � = 0 and R eγ > 0 , z ∈ E . 

Suppose that the function 

p(z ) = 1 + p 1 z + p 2 z 2 + · · · , 

is analytic in E and satisfying the following differential subordina- 
tion 

p(z ) + 

zp ′ (z ) 
γ

≺ h (z ) , z ∈ E , 

then 

p(z ) ≺ q (z ) ≺ h (z ) , z ∈ E , 

where 

q (z ) = 

γ

z γ

∫ z 

0 
h ( t ) t γ−1 d t . 

The function q (z ) is convex and is the best dominant. 

Lemma 4 [18] . Let q (z ) be a convex function in E and let 

h (z ) = q (z ) + βzq ′ (z ) , 

where β > 0 . If p(z ) is analytic and satisfies 

p(z ) + βzp ′ (z ) ≺ h (z ) , z ∈ E , 
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