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Abstract In this article, we discuss the existence of at least one solution as well as uniqueness for a

nonlinear fractional differential equation with weighted initial data and nonlocal conditions. The

existence of at least one L1 and continuous solution will be proved under the Carathèodory condi-

tions via a classical fixed point theorem of Schauder. An example is also given to illustrate the effi-

ciency of the main theorems.
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1. Introduction

Fractional differential equations have gained considerable
importance due to their application in various sciences, such
as physics, mechanics, chemistry, engineering, etc. In the

recent years, there has been a significant development in or-
dinary and partial differential equations involving fractional
derivatives, see the monographs of Kilbas et al. [1], Miller
and Ross [2], Podlubny [3], and the papers [4–16] and the

references therein.
Let I ¼ ð0;T�;L1 ¼ L1ð0;T� be the space of Lebesgue inte-

grable functions on I. and Cð0;T� be the space of continuous

functions defined on I.

Consider the weighted nonlocal Cauchy type fractional
problem

DaðpðtÞuðtÞÞ ¼ fðt; uðtÞÞ a:e: t 2 ð0;T�;T <1 ð1Þ

lim
t!0þ

t1�apðtÞuðtÞ ¼
Xm
j¼1

ajuðsjÞ; sj 2 ð0;TÞ: ð2Þ

where Da denoted the Riemann–Liouville derivative of order
a 2 ð0; 1�.

Problems with non-local conditions have been extensively

studied by several authors in the last two decades. The reader
is referred to [7–9,17–19] and references therein.

Nonlinear fractional differential equation with weighted
initial data has been carried out by various researchers. In

present, there are some papers which deal with the existence
and multiplicity of solutions for weighted nonlinear fractional
differential equations.

In [12] Khaled et al. studied the weighted Cauchy-type
problem
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ðIÞ
DauðtÞ ¼ fðt; uÞ; t 2 ð0;T�
t1�auðtÞjt¼0 ¼ b;

�

where Da is the fractional derivative (in the sense of Riemann–
Liouville) of order 0 < a < 1; f is a continuous nonlinear
function.

In [10] Furati et al. studied the weighted Cauchy-type prob-
lem ðIÞ where fðt; uÞ is assumed to be continuous on Rþ � R
and jfðt; uÞj 6 tle�rtwðtÞjujm.

Also in [5] El-Sayed et al. studied the problem ðIÞ where the
function f satisfies Carathèodory conditions with growth con-
dition. In [19] the existence and uniqueness of the solution of
the problem ðIÞ was discussed by using the method of upper

and lower solutions and its associated monotone iterative.
In [16] Weia et al. studied the existence and uniqueness of

the solution of the periodic boundary value problem for a frac-

tional differential equation involving a Riemann–Liouville
fractional derivative

DauðtÞ ¼ fðt; uÞ; t 2 ð0;T�
t1�auðtÞjt¼0 ¼ t1�auðtÞjt¼T:

�

by using the monotone iterative method. In [11] Jankowski dis-
cussed the existence of solutions of fractional equations of Vol-

terra type with the Riemann–Liouville derivative,

DaxðtÞ ¼ fðt; xðtÞ;
R t

0
kðt; sÞxðsÞdsÞ; t 2 ð0;T�

t1�auðtÞjt¼0 ¼ r;

(

existence results are obtained by using a Banach fixed point
theorem with weighted norms and by a monotone iterative

method.
In [4] Belmekki et al. studied the existence and uniqueness

of the solution for a class of fractional differential equations

DauðtÞ � kuðtÞ ¼ fðt; uðtÞÞ; t 2 ð0; 1�
lim
t!0þ

t1�auðtÞ ¼ uð1Þ

(

by using the fixed point theorem of Schaeffer and the Banach
contraction principle.

In this paper we will study the existence of solutions for
problem (1) and (2) with certain nonlinearities, using the

equivalence of the fractional differ-integral problem with the
corresponding Volterra integral equation. We prove the exis-
tence of at least L1 and continuous solutions of the problem

(1) and (2) such that the function f satisfies Carathèodory con-
ditions and

jfðt; uÞj 6 hðtÞ; a:e t 2 ð0;T�

where hðtÞ is a Lebesgue function on ð0;T�. Also the unique-

ness of the solution will be studied.
Our problem (1) and (2) includes as a special case when

pðtÞ ¼ 1, the nonlocal fractional differential equation

DauðtÞ ¼ fðt; uðtÞÞ a:e: t 2 ð0;T�;T <1

lim
t!0þ

t1�a uðtÞ ¼
Xm
j¼1

ajuðsjÞ; sj 2 ð0;TÞ:

2. Preliminaries

In this section, we present some definitions, lemmas and nota-
tion which will be used in our theorems.

Definition 2.1 (see [2,3,13,14]). The Riemann–Liouville frac-

tional integral of order a > 0 of a Lebesgue-measurable
function f : Rþ ! R is defined by

IaafðtÞ ¼
1

CðaÞ

Z t

a

ðt� sÞa�1fðsÞds;

when a ¼ 0 we write IaafðtÞ ¼ IafðtÞ.
And we have, for a; b 2 Rþ,

ðr1Þ Ia
a : L1�!L1,

ðr2Þ f ðtÞ 2 L1; Ia
a Ib

af ðtÞ ¼ Iaþb
a f ðtÞ.

Definition 2.2 (see [2,3,13,14]). The Riemann–Liouville frac-
tional derivative of order a 2 ð0; 1� of a Lebesgue-measurable
function f : Rþ ! R is defined by

DafðtÞ ¼ d

dt
I1�afðtÞ ¼ 1

Cð1� aÞ
d

dt

Z t

0

ðt� sÞ�a
fðsÞds:

Theorem 2.1 (Schauder fixed point Theorem). Let S be a non-
empty, closed , convex and bounded subset of the Banach space

X and let Q : S! S be a continuous and compact operator.
Then the operator equation Qu ¼ u has at least one fixed-point
in S.

Theorem 2.2 (Kolmogorov compactness criterion [20]). Let

X #Lpð0;TÞ; 1 6 p <1. If

(i) X is bounded in Lpð0; T Þ and
(ii) uh ! u as h! 0 uniformly with respect to u 2 X, then X

is relatively compact in Lpð0; T Þ where

uhðtÞ ¼
1

h

Z tþh

t

uðsÞds:

Definition 2.3. A function f : I� R! R is called Carathéod-
ory function if:

(i) t ! f ðt; uÞ is measurable for all u 2 R, and,
(ii) u! f ðt; uÞ is continuous for all t 2 I .
(iii) There exists a Lebesgue function hðtÞ on I, and

3. Integral equation representation

We investigate in our paper the Cauchy problem for the non-

linear fractional differential equation with the nonlocal condi-
tion with the following assumptions.

ðh1Þ The function f : ð0; T � � R! R is Carathéodory
function.

ðh2Þ pðtÞ > 0 for all t 2 I and is continuous with

infð0;T �jpðtÞj ¼ p.

ðh3Þ
Pm

j¼1
aj

pðsjÞs1�a
j

–1.

Lemma 3.1. The solution of the nonlocal problem (1) and (2)
can be expressed by the fractional-order integral equation
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