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Abstract In this article, using the difference operator B(a[m]), we introduce a lower triangular

Toeplitz matrix T which includes several difference matrices such as Dð1Þ; DðmÞ; Bðr; sÞ; Bðr; s; tÞ,
and Bð~r; ~s; ~t; ~uÞ in different special cases. For any x 2 w and m 2 N0 ¼ f0; 1; 2; . . .g, the

difference operator B(a[m]) is defined by ðBða½m�ÞxÞk ¼ akð0Þxk þ ak�1ð1Þxk�1 þ ak�2ð2Þxk�2 þ � � �
þak�mðmÞxk�m; ðk 2 N0Þ where a[m] = {a(0), a(1), . . ., a(m)} and a(i) = (ak(i)) for 0 6 i 6 m are

convergent sequences of real numbers. We use the convention that any term with negative subscript

is equal to zero. The main results of this article relate to the determination and applications of the

inverse of the Toeplitz matrix T.
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1. Introduction

Let w be the space all real valued sequences. We write a[m] for

any convergent sequence a(i) = (ak(i)) of real numbers satisfy-
ing a(i) „ a(j), where m 2 N0 and 0 6 i, j 6 m. Let x = (xk) be
any sequence in w, then we define the generalized difference

operator B(a[m]) as follows:

ðBða½m�ÞxÞk ¼ akð0Þxk þ ak�1ð1Þxk�1 þ ak�2ð2Þxk�2

þ � � � þ ak�mðmÞxk�m; ðk 2 N0Þ: ð1:1Þ

We assume throughout that any term with negative subscript is
zero. It is natural that the difference operator given in Eq.
(1.1), can be expressed as a lower triangular Toeplitz matrix

T = (bnk), where

ðbnkÞ ¼

a0ð0Þ 0 0 . . . 0 0 . . .

a0ð1Þ a1ð0Þ 0 . . . 0 0 . . .

a0ð2Þ a1ð1Þ a2ð0Þ . . . 0 0 . . .

..

. ..
. ..

. . .
. ..

. ..
. ..

.

a0ðmÞ a1ðm� 1Þ a2ðm� 2Þ . . . amð0Þ 0 . . .

0 a1ðmÞ a2ðm� 1Þ . . . amð1Þ amþ1ð0Þ . . .

..

. ..
. ..

. ..
. ..

. ..
. . .

.

0
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:

In particular, the difference operator B(a[m]) has the following
generalizations:

(i) For a(0) = e = (1, 1, 1, . . .), a(1) = �e and
a(i) = h = (0, 0, 0, . . .) for 2 6 i 6 m, the difference
matrix B(a(m)) reduces to D(1) studied by Kızmaz [1].
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(ii) For a(0) = e, a(1) = �2e, a(2) = e and a(i) = h for

3 6 i 6 m, the difference matrix B(a(m)) reduces to D2

studied by Dutta and Baliarsingh [2].
(iii) For að0Þ ¼ re; að1Þ ¼ se; 0–r; s 2 R and a(i) = h for

2 6 i 6 m, the difference matrix B(a(m)) reduces to
B(r, s) studied by Altay and Bas�ar [3].

(iv) For að0Þ ¼ re; að1Þ ¼ se; að2Þ ¼ te; 0–r; s; t 2 R and
a(i) = h for 3 6 i 6 m, the difference matrix B(a(m))

reduces to B(r, s, t) studied by Furkan et al. [4].

(v) For aðiÞ ¼ m
i

� �
for 0 6 i 6 m and m = r, the differ-

ence matrix B(a(m)) reduces to Dr studied by Dutta
and Baliarsingh [5].

(vi) For að0Þ ¼ re; að1Þ ¼ se; að2Þ ¼ te; að3Þ ¼ ue; 0–r; s;
t; u 2 R and a(i) = h for 4 6 i 6 m, the difference matrix
B(a(m)) reduces to Bð~r;~s;~t; ~uÞ studied by Baliarsingh and

Dutta [6].

For last several decades, many new theories and fundamen-
tal results have been introduced and studied by different

authors contributing to the development of sequence spaces.
Amongst all, one of the most interesting idea is the study of se-
quence spaces by using difference matrices. For example:

Kızmaz [1] introduced the difference matrix D and studied
the sequence spaces X(D), for X = ‘1, c, c0, Et and Çolak
[7] generalized these results by introducing the generalized dif-

ference matrix Dm; ðm 2 N0Þ and Baliarsingh [8] studied the
difference sequence spaces k(C, Da, u) for k 2 {‘1, c0, c} by
introducing the difference matrix Da; ða 2 RÞ. The difference

matrices B(r, s), B(r, s, t) and Bð~r; ~s; ~t; ~uÞ have been introduced
and studied by Altay and Bas�ar [3], Furkan et al. [4] and
Baliarsingh and Dutta [6], respectively. Recently, using differ-
ence matrices, various sequence spaces have been defined and

different results concerning their topological properties, matrix
transformations, spectral properties and many more (see [8–
28]) have been established. The main objective of this work

is to define a generalized difference operator and unify most
of the difference matrices defined earlier and establish certain
results concerning its inverse.

2. Main results

The most general and effective application of the difference

matrix a[m] is to redefine some triangles and find their inverses.
In the present section, we redefine some well known lower tri-
angular matrices such as generalized Fibonacci, Pascal and

weighted mean factorable difference matrices, and we obtain
some results related to the linearity, boundedness and inverse
of the difference matrix B(a[m]).

Let Fn; ðn 2 N0Þ be the nth Fibonacci number which satis-

fies the recurrence relation Fn = Fn�1 + Fn�2 with F0 = 0,
F1 = 1. Then for any s; t 2 R, we define generalized lower tri-
angular Fibonacci matrix F(r, s) as follows:

ðFðr; sÞÞnk ¼

r; ðk ¼ nÞ
rþ s; ðk ¼ n� 1Þ
Fn�1rþ Fn�2s; ð0 6 k 6 n� 2Þ
0; ðk > nÞ

8>>><
>>>:

; ðn; k 2 N0Þ:

Clearly, for r = 0, s= 1, the matrix F(r, s) reduces to the usual

Fibonacci matrix F studied in [28,29]. The lower triangular
Pascal matrix P = (pnk) is defined by

pnk ¼
n

n� k

� �
; ð0 6 k 6 nÞ

0; ðk > nÞ

8<
: ; ðn; k 2 N0Þ:

The well known weighted mean factorable difference matrix
Gðu; v; DÞ ¼ gD

nk

� �
is defined as follows:

gD
nk ¼

unvn; ðk ¼ nÞ
unðvk � vkþ1Þ; ð0 6 k 6 n� 1Þ
0; ðk > nÞ:

8><
>: ; ðn; k 2 N0Þ;

where we write U for the set of all sequences u = (un) such that
un „ 0 for all n 2 N0, and u; v 2 U. Now, we state some impor-

tant theorems.

Theorem 1. The difference operator B(a[m]): w fi w is a
linear operator and satisfying

kBða½m�Þk ¼ sup
k

ðjakð0Þj þ jakð1Þj þ � � � þ jakðmÞjÞ:

Proof. The proof is trivial, so we omit it. h

Theorem 2. If ak(0) „ 0 for all k 2 N0, then the inverse of the

difference operator B(a[m]) is given by a lower triangular
Toeplitz matrix C = (cnk)as follows:

cnk ¼

1
anð0Þ ; ðk ¼ nÞ;
ð�1Þn�kYn
j¼k

ajð0Þ

D
ðkÞ
n�kða½m�Þ; ð0 6 k 6 n� 1Þ;

0; ðk > nÞ;

8>>>>><
>>>>>:

ðn; k 2 N0Þ;

where

DðkÞn ða½m�Þ¼

akð1Þ akþ1ð0Þ 0 . . . 0 0 . . . 0

akð2Þ akþ1ð1Þ akþ2ð0Þ . . . 0 0 . . . 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

akðmÞ akþ1ðm�1Þ akþ2ðm�2Þ . . . am�1ð1Þ amð0Þ . . . 0

0 akþ1ðmÞ akþ2ðm�1Þ . . . am�1ð2Þ amð1Þ . . . 0

..

. ..
. ..

. ..
. ..

. ..
. . .

. ..
.

0 0 . . . an�mðmÞ . . . . . . . . . an�1ð1Þ

�������������������

�������������������

:

Proof. The proof is clear from the following examples. h

Examples

(i) The inverse of the difference matrix D(1) is

ððDð1ÞÞ�1Þnk ¼
1; ð0 6 k 6 nÞ
0; ðk > nÞ

�
; ðn; k 2 N0Þ:

This follows from the fact that a(0) = e, a(1) = �e,
a(2) = a(3) . . . = a(m) = h and Dð0Þn ðDð1ÞÞ ¼ ð�1Þ

n
.

(ii) The inverse of the difference matrix DðmÞ;m 2 N0 is

ððDðmÞÞ�1Þnk ¼
1; ðk ¼ nÞ
mðmþ1Þ...ðmþn�kÞ

ðn�kÞ! ; ð0 6 k 6 n� 1Þ
0; ðk > nÞ

8><
>: ; ðn; k 2 N0Þ:
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