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Abstract Inspired by the modified iteration method devised by He and Zhu [1], the purpose of this
paper is to present a modified Krasnoselskii iteration via boundary method. A strong convergence
theorem of this iteration for finding minimum norm solution of nonlinear equation of the form
Sh(v (x) = 0, where S,y is a nonlinear mapping of C into itself and / is a function of C into
[0, 1] is then proved in Hilbert spaces. In the same vein, an application to the stationary problem
of seepage theory is also presented. The results of this paper are extensions and improvements of
some earlier theorems of Saddeek et al. [2].
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1. Introduction

Fixed point theory is an interesting topic with multiple appli-
cations in various branches of mathematics. For example in
fluid mechanics, the development of iteration methods for find-
ing fixed points of nonlinear self-mappings has historically
been an important enterprise.

The Krasnoselskii iteration method (KIM) is one of the
most salient examples of these methods.
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Let X be a real Hilbert space and let C be a nonempty,
closed and convex subset of X. Let 7: C— C be a self-
mapping.

Then the KIM (see, for example, [3]) generates, for any
xo € C, a sequence {x,} in C by

Xnt1 = (1 - T)xn + TTX,“ nz 0> (1)

where t € [0, 1].

It should be noted that for T = 1, the KIM reduces to the
Picard iteration (successive iteration) method (see, for exam-
ple, [4]) that is x,., = Tx,,n = 0.

The KIM has been studied extensively by many authors
(see, for example, [5-11]).

In a recent paper [2, Theorem 2] Saddeek et al. have shown
that, under certain appropriate conditions imposed on the
mapping 7, the entire sequence of KIM (1) converges weakly
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to a fixed point of T in a real Hilbert space setting. The results
is then applied to a problem of fluid mechanics.

An interesting problem is how to appropriately modify the
KIM (1) so as to have strong convergence? For this purpose, in
this paper, inspired by He and Zhu [1], we introduce a modi-
fied Krasnoselskii iteration method MKIM (2) below with
strong convergence (by boundary point method) for finding
the minimum norm solution of nonlinear equation of the form
Siv)(x) = 0, where Sy,) is a nonlinear mapping of C into itself
and £ is a function of C into [0, 1] defined below. Furthermore,
we apply this result to the stationary problem of seepage the-
ory. The results obtained in this paper represent an extension
as well as refinement of some earlier theorems of [2].

2. Preliminaries

Let C be a nonempty, closed and convex subset of X and let T’
be a mapping of C into itself.

In the sequel we use F(7) to denote the nonempty set of
fixed points of 7, — (—) to denote strong (weak) convergence,
and M(x,) to denote the set of weak cluster points of (x,) (i. e.,
M(x,) = {x:3(x,,) C (x4) : x5, — x}). Denote by projo(x)
the metric projection mapping from X onto C (i. e.
proje(x) ={y € X: ||y — x|| = infyeclx — || }).

The projection mapping is characterized as follows (see, for
example, [12]):

Proposition 2.1. Given x € X and z € C. Then z = projo(x)
if and only if

(x—z,y—2z) <0, VyeX

The notions U(x; ) and OC are used to denote, respectively, the
spherical neighborhood of x of radius 6> 0:U(x;9)
={y € X: ||y — x| <} and the boundary of C (whenever C is
closed): 0C = {x € X : U(x;0) N (X — C)# ¢¥o > 0}.

Since F(T) is a nonempty, closed and convex subset of X
(see, for example, [13]), so there exists a unique X € F(T)
satisfies the following:

[[%[} = min{[[x[| : x € F(T)}.

That is, X is the minimum norm fixed point of T. In other words,
X is the metric projection of the origin onto F(T), that is,
X = proj-(0).

Definition 2.1 (see, for example, [14-16]). For any x,y € C
the mapping 7': C — C is said to be as follows:

(i) pseudomonotone, if it is bounded and if for every
sequence {x,} C C such that

X, — x and limsup(Tx,,x, — x) <0,

n—oo
imply that

lim inf(7,, x,

n—o0

—y) = (Tx,x —y);
(ii) coercive, if
(T, x) = p(IxDllxll, fim p(<) = +oo;

(iii) Lipschitzian, if there exists L > 0 such that
1Tx = Tyll < Lllx = yl;

(iv) potential, if
/0 (T(H(r 3 3) — (1)) )t = / (T(x-+17),3)d

(v) demiclosed at 0, if for every sequence {x,} C C the
assumptions

x, —xand Tx, — 0, as n — oo
imply that
xe Cand Tx = 0.

3. A MKIM by boundary point method

In order to state our algorithm we introduce, as in [1],
h:C—[0,1] by

h(x) =inf{e € [0,1] : ax € C}, VxeC.

The function A(x) is well defined because C is closed and
convex.

In [1] it has been noted that if 0 € C, then /(x) = 0 for all
x € C and if 0¢ C, then i(x)x € 9C and h(x) > 0 for every
x € C (for a contradiction, suppose that 4(x)x ¢ OC in the case
where 0 ¢ C, it is easy to verify that /(x)x is an inner point in
C, there exists sufficiently small 6>0 such that
U(h(x)x;8) C C, we have [h(x)—3]x € C. This contradicts
the definition of A(x). Notice that C is closed and convex,
hence, /(x)x € 9C). For more details of the properties of
h(x), the reader is refereed to [1].

Let T:C — C be a self mapping. Then the MKIM by
boundary point is given by xy = x € C, and

Xpp1 = (1 = th(x,))x, +tTx,, n =0, (2)
where 7 € (0,1), T, = (1 —=1t)I+<Tand Y 7 /i(x,) = co.

Remark 3.1.

(i) If 0 ¢ C and &(x,) = 1, then the MKIM {x, } given by (2)
is exactly the KIM corresponding to the associated map-
ping T..

(i) If 0 € C (i. e., h(x,) = 0 for all n = 0), then the MKIM
{x,} given by (2) is exactly the Picard iteration corre-
sponding to the associated mapping / + 7.

(ii1) Since C is closed and convex, it follows from the defini-
tion of 4(x) that, for any given x € C, yx € C holds for
every 7y € [h(x)x,1], which imply that {x,} CC is
guaranteed.

(iv) Inthecase where 0 ¢ C, calculating the value A(x, ) implies
determining 4(x,)x, (a boundary point of C), so our
modification method is called boundary point method.

Lemma 3.1 (see, for example [17,18]). Let {a,} be a sequence
of nonnegative real numbers satisfying

Ay < (1 - wn)an + wnbn + Cn, Vn = 07

where, w, C (0,1). If Y (o, = oo, either limsup,_, . b, < 0 or
S olwuby| < 00 and Y ¢y < 00, then lim,_a, = 0.
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