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Abstract In this paper, we study new generalized integral operators for the classes of p-valent func-

tions associated with generalized multiplier transformations.
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Introduction

Let AðpÞ denote the class of functions of the form:

fðzÞ ¼ zp þ
X1
j¼pþ1

ajz
j ðp 2 N ¼ f1; 2; . . .gÞ; ð1:1Þ

which are analytic and p-valent in the open unit disk
U ¼ fz 2 C : jzj < 1g. We write Að1Þ ¼ A.

For two functions f and g, analytic in U, we say that the
function f is subordinate to g, if there exists a Schwarz function

w, i.e, w 2 AðpÞ with w(0) = 0 and Œw(z)Œ < 1, z 2 U, such
that f(z) = g(w(z)) for all z 2 U. This subordination is usually
denoted by f(z) p g(z). It is well-known that if the function g is
univalent in U, then f(z) p g(z) is equivalent to f(0) = g(0) and

f(U) � g(U) (see [1]). If f is subordinate to g, then g is superor-
dinate to f.

Let Pkðp; qÞ be the class of functions g(z) analytic in U sat-

isfying the properties g(0) = p andZ 2p

0

RfgðzÞg � q
p� q

����
����dh 6 kp; ð1:2Þ

where z= reih, k P 2 and 0 6 q < p. This class was intro-
duced by Aouf [2, with k = 0].

We note that:

(i) Pkð1; qÞ ¼ PkðqÞðk P 2; 0 6 q < 1Þ(see [3]);

(ii) Pkð1; 0Þ ¼ Pk ðk P 2Þ (see [4,5]);
(iii) P2ðp; qÞ ¼ Pðp; qÞ ð0 6 q < p; p 2 NÞ, where Pðp; qÞ is

the class of functions with positive real part greater than

a (see [6]);
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(iv) P2ðp; 0Þ ¼ PðpÞðp 2 NÞ, where PðpÞ is the class of func-
tions with positive real part (see [6]).

The classes Rkðp; qÞ and Vkðp; qÞ are related to the class

Pkðp; qÞ and can be defined as

f 2 Rkðp; qÞ ()
zf0ðzÞ
fðzÞ 2 Pkðp; qÞ ðz 2 UÞ; ð1:3Þ

and

f 2 Vkðp; qÞ ()
ðzf0ðzÞÞ0

f0ðzÞ 2 Pkðp; qÞ ðz 2 UÞ: ð1:4Þ

Using the concept of subordination, Aouf [2], with a = 0
introduced the class P½p;A;B� as follows:

For A and B, �1 6 B < A 6 1, a function h analytic in U

with h(0) = p belongs to the class P½p;A;B� if h is subordinate
to p 1þAz

1þBz.
Let Pk½p;A;B�ðk P 2;�1 6 B < A 6 1Þ denote the class of

p-valent analytic functions h that are represented by

hðzÞ ¼ k

4
þ 1

2

� �
h1ðzÞ�

k

4
� 1

2

� �
h2ðzÞ ðz2U; h1;h2 2P½p;A;B�Þ:

ð1:5Þ

Now we define the following classes Rk½p;A;B� and Vk½p;A;B�
of the class AðpÞ for k P 2 and � 1 6 B < A 6 1 as follows:

Rk½p;A;B� ¼ f : f 2 AðpÞ and zf0ðzÞ
fðzÞ 2 Pk½p;A;B�; z 2 U

� �
;

ð1:6Þ

and

Vk½p;A;B� ¼ f : f 2 AðpÞ and ðzf
0ðzÞÞ0

f0ðzÞ 2 Pk½p;A;B�; z 2 U

( )

ð1:7Þ

Obviously, we know that

fðzÞ 2 Vk½p;A;B� ()
zf0ðzÞ
p
2 Rk½p;A;B�: ð1:8Þ

We note that Pk½1;A;B� ¼ Pk½A;B�; Rk½1;A;B� ¼ Rk½A;B�
and Vk½1;A;B� ¼ Vk½A;B� (see [7]).

Prajapat [8] defined a generalized multiplier transformation
operator J m

p ðk; ‘Þ : AðpÞ ! AðpÞ, as follows:

J m
p ðd; ‘ÞfðzÞ ¼ zp þ

X1
j¼pþ1

pþ ‘þ ðj� pÞd
pþ ‘

� �m

akz
k

ðd P 0; ‘ > �p; p 2 N; m 2 Z ¼ f0;�1; . . .g; z 2 UÞ:
ð1:9Þ

It is readily verified from (1.3) that

dzðJ m
p ðd; ‘ÞfðzÞÞ

0 ¼ ð‘þ pÞJ mþ1
p ðd; ‘ÞfðzÞ

� ½‘þ pð1� dÞ�J m
p ðd; ‘ÞfðzÞ ðd > 0Þ: ð1:10Þ

By specializing the parameters m, d, ‘ and p, we obtain the fol-
lowing operators studied by various authors:

(i) J m
p ðd; ‘Þf ðzÞ ¼ Im

p ðd; ‘Þf ðzÞ ð‘ P 0; p 2 N; d P 0 and
m 2 N0 ¼ N [ f0gÞ (see [9]);

(ii) J m
p ð1; ‘Þf ðzÞ ¼ Ipðm; ‘Þf ðzÞ ð‘ P 0; p 2 N and m 2 N0Þ

(see [10,11]);

(iii) J m
p ðd; 0Þf ðzÞ ¼ Dm

d;pf ðzÞðd P 0; p 2 N and m 2 N0Þ (see
[12]);

(iv) J m
p ð1; 0Þf ðzÞ ¼ Dm

p f ðzÞ ðm 2 N0 and p 2 NÞ (see [13–
15]);

(v) J �m
p ðd; ‘Þf ðzÞ ¼ Jm

p ðd; ‘Þf ðzÞ ð‘ P 0; d P 0;
p 2 N and m 2 N0Þ (see [16–18]);

(vi) J �m
p ð1; 1Þf ðzÞ ¼ Dmf ðzÞ ðm 2 ZÞ (see [19]);

(vii) J m
1 ð1; ‘Þf ðzÞ ¼ Im

‘ f ðzÞ ð‘ P 0 and m 2 N0Þ
(see [20,21]);

(viii) J m
1 ðd; 0Þf ðzÞ ¼ Dm

d f ðzÞ ðd P 0 and m 2 N0Þ (see [22]);

(ix) J m
1 ð1; 0Þf ðzÞ ¼ Dmf ðzÞ ðm 2 N0Þ (see [23]);

(x) J �m
1 ðd; 0Þf ðzÞ ¼ I�m

d f ðzÞ ðd P 0 and m 2 N0Þ (see
[24,25]);

(xi) J �m
1 ð1; 1Þf ðzÞ ¼ Imf ðzÞ ðm 2 N0Þ (see [26]).

Let us consider the integral operators:

F n;m
p;d;‘ðzÞ ¼

Z z

0

ptp�1
J m

p ðd; ‘Þf1ðtÞ
tp

� �a1

. . .
J m

p ðd; ‘ÞfnðtÞ
tp

� �an

dt

ð1:11Þ

and

Gn;mp;d;‘ðzÞ¼
Z z

0

ptp�1
ðJ m

p ðd;‘Þf1ðtÞÞ
0

ptp�1

 !b1

. . .
ðJ m

p ðd;‘ÞfnðtÞÞ
0

ptp�1

 !bn

dt;

ð1:12Þ

where fiðzÞ 2 AðpÞ and ai, bi > 0 for i = {1, 2, . . ., n}.
We note that:

(i) F n;0
p;d;‘ðzÞ ¼ F pðzÞ and Gn;0

p;d;‘ðzÞ ¼ GpðzÞ (see [27,28]);
(ii) F n;m

p;d;0ðzÞ ¼ F nðzÞ (see [29,30]).

Also, we note that

(i) F n;m
p;d;‘ðzÞ ¼ I

n;m
p;d;‘ðzÞ

¼
Z z

0

ptp�1
Imp ðd; ‘Þf1ðtÞ

tp

� �a1

. . .
Imp ðd; ‘ÞfnðtÞ

tp

� �an

dt

ð‘ P 0; d P 0; p 2 N; m 2 N0Þ ð1:13Þ

and

Gn;mp;d;‘ðzÞ ¼ Gn;m
p;d;‘ðzÞ

¼
Z z

0

ptp�1
Imp ðd; ‘Þf1ðtÞ
� �0

ptp�1

0
B@

1
CA

b1

. . .
Imp ðd; ‘ÞfnðtÞ
� �0

ptp�1

0
B@

1
CA

bn

dt

ð‘ P 0; d P 0; p 2 N; m 2 N0Þ; ð1:14Þ

(ii)

F n;m
p;d;0ðzÞ ¼ D

n;m
p;d ðzÞ

¼
Z z

0

ptp�1
Dm

d;pf1ðtÞ
tp

� �a1

. . .
Dm

d;pfnðtÞ
tp

� �an

dt

ðd P 0; p 2 N; m 2 N0Þ ð1:15Þ

and
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