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Abstract This paper is devoted to the numerical comparison of methods applied to solve the gen-

eralized Ito system. Four numerical methods are compared, namely, the Laplace decomposition

method (LDM), the variation iteration method (VIM), the homotopy perturbation method

(HPM) and the Laplace decomposition method with the Pade approximant (LD–PA) with the exact

solution.
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1. Introduction

In recent years 1999, the variational iteration method (VIM)
was proposed by He in [1–6]. This method is now widely used

by many researchers to study linear and nonlinear partial dif-
ferential equations. The method introduces a reliable and effi-
cient process for a wide variety of scientific and engineering

applications, linear or nonlinear, homogeneous or inhomoge-
neous, equations and systems of equations as well. Many
authors [7–11] that this method is more powerful than existing

techniques such as the Adomian method [12,16], perturbation
method, etc. showed it. The method gives rapidly convergent
successive approximations of the exact solution if such a solu-

tion exists; otherwise a few approximations can be used for
numerical purposes. Another important advantage is that the
VIM method is capable of greatly reducing the size of calcula-

tion while still maintaining high accuracy of the numerical
solution. Moreover, the power of the method gives it a wider
applicability in handling a huge number of analytical and
numerical applications. Many authors for different cases have

obtained some exact and numerical solutions of the general-
ized Ito system (see [17–20]).

Consider the generalized Ito system [21]:

ut ¼ vx; vt ¼ �2vxxx � 6ðuvÞx þ awwx þ bpwx þ cwpx

þ dppx þ fwx þ gpx;

wt ¼ wxxx þ 3uwx; pt ¼ pxxx þ 3upx: ð1Þ

The general exact solution of above system is:
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uðx; tÞ ¼ 2� b
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þ 4b tanh ðx� tbÞ2;
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2
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p
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�bcþ ad
p ; ð2Þ

For simplicity, we take: a ¼ �37; b ¼ 2; c ¼ 1
2
; d ¼ �1;

f ¼ 2; g ¼ 2; c0 ¼ �1; b! 1
4
. We have:

uðx; tÞ ¼ 7

12
� 2 tanh x� t

4

� �2
; vðx; tÞ ¼ � 7

48
þ 1

2
tanh x� t

4

� �2
;

wðx; tÞ ¼ � 36

37
þ 1

6
tanh x� t

4

� �
; pðx; tÞ ¼ 4þ 37

12
tanh x� t

4

� �
;

ð3Þ

with initial conditions:

uðx; 0Þ ¼ 7

12
� 2 tanh ðxÞ2; vðx; 0Þ ¼ � 7

48
þ 1

2
tanh ðxÞ2;

wðx; 0Þ ¼ � 36

37
þ 1

6
tanhðxÞ; pðx; 0Þ ¼ 4þ 37

12
tanhðxÞ:

ð4Þ

The aim of this paper is to use the Laplace decomposition
method (LDM), the variation iteration method (VIM),

Homotopy perturbation method (HPM) and the Pade approx-
imant (LD–PA) to find the numerical solution of Eq. (1), com-
pare our obtained results with the exact solution, and compute

the error.

2. Methods and its applications

2.1. The variational iteration method [3–8]

For the purpose of illustration of the methodology to the pro-
posed method, using variational iteration method [22–26], we
write a system in an operator form as:

Ltuþ R1ðu; v;w; pÞ þN1ðu; v;w; pÞ ¼ g1;

Ltvþ R2ðu; v;w; pÞ þN2ðu; v;w; pÞ ¼ g2;

Ltwþ R3ðu; v;w; pÞ þN3ðu; v;w; pÞ ¼ g3;

Ltpþ R4ðu; v;w; pÞ þN4ðu; v;w; pÞ ¼ g4; ð5Þ

with initial data

uðx; 0Þ ¼ f1ðxÞ; vðx; 0Þ ¼ f2ðxÞ;
wðx; 0Þ ¼ f3ðxÞ; pðx; 0Þ ¼ f4ðxÞ;

ð6Þ

where Lt is considered a first-order partial differential opera-

tor, Rj, 1 6 j 6 4, and Nj, 1 6 j 6 4, are linear and nonlinear
operators respectively, and g1, g2 and g3 are source terms. In
what follows we give the main steps of He’s variational itera-

tion method in handling scientific and engineering problems.
The system (5) can be written as:

unþ1ðx; tÞ ¼ unðx; tÞ þ
Z t

0

k1fLunðsÞ þ R1ð�u; �v; �w; �pÞ

þN1ð�u; �v; �w; �pÞ � g1ðsÞgds;

vnþ1ðx; tÞ ¼ vnðx; tÞ þ
Z t

0

k2fLvnðsÞ þ R2ð�u; �v; �w; �pÞ

þN2ð�u; �v; �w; �pÞ � g2ðsÞgds;

wnþ1ðx; tÞ ¼ wnðx; tÞ þ
Z t

0

k3fLwnðsÞ þ R3ð�u; �v; �w; �pÞ

þN3ð�u; �v; �w; �pÞ � g3ðsÞgds;

pnþ1ðx; tÞ ¼ pnðx; tÞ þ
Z t

0

k4fLpnðsÞ þ R4ð�u; �v; �w; �pÞ

þN4ð�u; �v; �w; �pÞ � g4ðsÞgds; ð7Þ

where kj, 1 6 j 6 4, are general Lagrange multipliers [7], which

can be identified optimally via the variational theory, and un,
vn, wn and pn are restricted variations which means dun = 0,
dvn = 0, dwn = 0 and dpn = 0. It is required first to determine

the Lagrange multipliers kj that will be identified optimally via
integration by parts. The successive approximations un+1(x, t),
vn+1(x, t), wn+1(x, t), pn+1(x, t), n P 0, of the solutions u(x, t),
v(x, t), w(x, t) and p(x, t) will follow immediately upon using

the Lagrange multipliers obtained and by using selected func-
tions u0, v0, and w0. The initial values are usually used for the
selected zeroth approximations. With the Lagrange multipliers

kj determined, then several approximations uj(x, t), vj(x, t),
wj(x, t), pj(x, t) j P 0, can be determined. Consequently, the
solutions are given by

uðx; tÞ ¼ lim
n!1@

unðx; tÞ; vðx; tÞ ¼ lim
n!1@

vnðx; tÞ;

wðx; tÞ ¼ lim
n!1@

pnðx; tÞ; pðx; tÞ ¼ lim
n!1@

pnðx; tÞ:
ð8Þ

2.2. The Laplace decomposition method (LDM) [27]

In this section, Laplace decomposition method [27–29] is ap-

plied to the system of partial differential Eq. (1). The method
consists of first applying the Laplace transformation to both
sides of (1)

£½Ltu� ¼ £½g1� þ £½R1ðu; v;w; pÞ þN1ðu; v;w; pÞ�;
£½Ltv� ¼ £½g2� þ £½R2ðu; v;w; pÞ þN2ðu; v;w; pÞ�;
£½Ltw� ¼ £½g3� þ £½R3ðu; v;w; pÞ þN3ðu; v;w; pÞ�;
£½Ltp� ¼ £½g4� þ £½R4ðu; v;w; pÞ þN4ðu; v;w; pÞ�: ð9Þ

Using the formulas of the Laplace transform, we get

s£½u� � uð0Þ ¼ £½g1� þ £½R1ðu; v;w; pÞ þN1ðu; v;w; pÞ�;
s£½v� � vð0Þ þ £½R2ðu; v;w; pÞ þN2ðu; v;w; pÞ�;
s£½w� � wð0Þ ¼ £½g3� þ £½R3ðu; v;w; pÞ þN3ðu; v;w; pÞ�;
s£½p� � pð0Þ ¼ £½g4� þ £½R4ðu; v;w; pÞ þN4ðu; v;w; pÞ�: ð10Þ

In the Laplace decomposition method, we assume the solution
as an infinite series, given as follows:

u ¼
X1
n

un; v ¼
X1
n

vn; w ¼
X1
n

wn; p ¼
X1
n

pn; ð11Þ

where the terms un are to be recursively computed. In addition,
the linear and nonlinear terms R1, R2, R3, R4 and N1, N2, N3,
N4 are decompose as an infinite series of Adomian polynomials
(see [12–16]):
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