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Abstract In this paper, the modified simple equation (MSE) method is implemented to find the

exact solutions for the nonlinear Drinfel’d–Sokolov–Wilson (DSW) equation and the modified Ben-

jamin–Bona–Mahony (mBBM) equations. The efficiency of this method for constructing these

exact solutions has been demonstrated. It is shown that the MSE method is direct, effective and

can be used for many other nonlinear evolution equations (NLEEs) in mathematical physics. More-

over, this technique reduces the large volume of calculations.
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1. Introduction

It is well known that most of the phenomena that arise in
mathematical physics and engineering fields can be described

by NLEEs. NLEEs have become a useful tool for describing
natural phenomena of science and engineering models. NLEEs
are frequently used to describe many problems of protein
chemistry, chemically reactive materials, in ecology most pop-

ulation models, in physics the heat flow and the wave propaga-

tion phenomena, quantum mechanics, fluid mechanics, plasma
physics, propagation of shallow water waves, optical fibers,
biology, solid state physics, chemical kinematics, geochemis-

try, meteorology, electricity etc. By the aid of exact solutions,
when they exist, the phenomena modeled by these NLEEs can
be better understood. Therefore, the studies of the traveling

wave solutions for NLEEs play an important role in the study
of nonlinear physical phenomena. Considerable efforts have
been made by many mathematicians and physical scientists

to obtain exact solutions of such NLEEs and a number of
powerful and efficient methods have been developed by those
authors such as the Hirota’s bilinear transformation method
[1,2], the tanh-function method [3,4], the extended tanh-meth-

od [5,6], the Exp-function method [7–14], the Adomian decom-
position method [15], the F-expansion method [16], the

* Corresponding author. Tel.: +880 1918561386.
E-mail addresses: ali_math74@yahoo.com, alimath74@gmail.com

(M.A. Akbar).

Peer review under responsibility of Egyptian Mathematical Society.

Production and hosting by Elsevier

Journal of the Egyptian Mathematical Society (2013) 21, 233–240

Egyptian Mathematical Society

Journal of the Egyptian Mathematical Society

www.etms-eg.org
www.elsevier.com/locate/joems

1110-256X ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

http://dx.doi.org/10.1016/j.joems.2013.04.010

Open access under CC BY-NC-ND license.

Open access under CC BY-NC-ND license.

mailto:ali_math74@yahoo.com
mailto:alimath74@gmail.com
http://dx.doi.org/10.1016/j.joems.2013.04.010
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2013.04.010
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


auxiliary equation method [17], the Jacobi elliptic function
method [18], Modified Exp-function method [19], the (G0/G)-
expansion method [20–29], Weierstrass elliptic function meth-

od [30], the homotopy perturbation method [31–35], the homo-
geneous balance method [36,37], the modified simple equation
method [38–40], He’s polynomial [41], the asymptotic methods

[42], the variational iteration method [43,44], the casoration
formulation [45], the Frobenius integrable decomposition
method [46] and so on.

The objective of this article is to apply the MSE method to
construct the exact solutions for nonlinear evolution equations
in mathematical physics via nonlinear DSW equation and the
mBBM equation.

The article is prepared as follows: In Section 2, the MSE
method is discussed; In Section 3, we exert this method to the
nonlinear evolution equations pointed out above; in Section 4,

physical explanation and in Section 5 conclusions are given.

2. The MSE method

In this section we describe the MSE method for finding travel-
ing wave solutions of nonlinear evolution equations. Suppose
that a nonlinear equation, say in two independent variables

x and t is given by

Rðu; ut; ux; utt; uxx; uxt; . . .Þ ¼ 0; ð2:1Þ

where u(n) = u(x, t) is an unknown function, R is a polyno-
mial of u(x, t) and its partial derivatives in which the highest

order derivatives and nonlinear terms are involved. In the fol-
lowing, we give the main steps of this method [38–40]:

Step 1. Combining the independent variables x and t into
one variable n = x ± xt, we suppose that

uðnÞ ¼ uðx; tÞ; n ¼ x� xt: ð2:2Þ

The traveling wave transformation Eq. (2.2) permits us to re-
duce Eq. (2.1) to the following ODE:

Rðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ

where R is a polynomial in u(n) and its derivatives, while
u0ðnÞ ¼ du

dn ; u00ðnÞ ¼ d2u
dn2
, and so on.

Step 2. We suppose that Eq. (2.3) has the formal solution

uðnÞ ¼ a0 þ
Xn
k¼1

ak

/0ðnÞ
/ðnÞ

� �k

; ð2:4Þ

where ak are arbitrary constants to be determined, such that
an „ 0 and /(n) is an unknown function to be determined later.

Step 3. We determine the positive integer n in Eq. (2.4) by
considering the homogeneous balance between the
highest order derivatives and the nonlinear terms

in Eq. (2.3).
Step 4. We substitute Eq. (2.4) into Eq. (2.3) and then we

account the function /(n). As a result of this substitu-
tion, we get a polynomial of (/0(n)//(n)) and its deriva-

tives. In this polynomial, we equate the coefficients of
same power of /�i(n) to zero, where i P 0. This proce-
dure yields a systemof equationswhich can be solved to

find ak,/(n) and/0(n). Then the substitution of the val-
ues of ak, /(n) and /0(n) into Eq. (2.4) completes the
determination of exact solutions of Eq. (2.1).

3. Applications

3.1. The Drinfel’d–Sokolov–Wilson equation:

Now we will bring to bear the MSE method to find exact solu-
tions and then the solitary wave solutions to the DSW equa-

tion in the form

ut þ pvvx ¼ 0;

vt þ qvxxx þ ruvx þ suxv ¼ 0;
ð3:1Þ

where p, q, r and s are nonzero parameters.
Now let us suppose that the traveling wave transformation

equation be

uðnÞ ¼ uðx; tÞ; vðnÞ ¼ vðx; tÞ; n ¼ xþ xt: ð3:2Þ

The Eq. (3.2) reduces Eq. (3.1) into the following ODEs

xu0 þ pvv0 ¼ 0; ð3:3Þ
xv0 þ qv000 þ ruv0 þ su0v ¼ 0: ð3:4Þ

By integrating Eq. (3.3) with respect to n, and neglecting the
constant of integration, we obtain

u ¼ � pv2

2x
: ð3:5Þ

Substituting Eq. (3.5) into Eq. (3.4), we obtain

2qxv000 þ 2x2v0 � pðrþ 2sÞv2v0 ¼ 0: ð3:6Þ

Integrating Eq. (3.6) with respect to n choosing constant of
integration to zero, we obtain

2qxv00 þ 2x2v� pðrþ 2sÞv3
3

¼ 0: ð3:7Þ

Balancing the highest order derivative v00 and nonlinear

term v3 from Eq. (3.7), we obtain 3n = n + 2, which gives
n= 1.

Now for n= 1, using Eq. (2.4) we can write

vðnÞ ¼ a0 þ a1

/0ðnÞ
/ðnÞ

� �
; ð3:8Þ

where a0 and a1 are constants to be determined such that
a1 „ 0, while /(n) is an unknown function to be determined.
It is easy to see that

v00 ¼ a1

/000

/

� �
� 3a1

/00/0

/2

� �
þ 2a1

/0

/

� �3

; ð3:9Þ

v3 ¼ a3
1

/0

/

� �3

þ 3a2
1a0

/0

/

� �2

þ 3a1a
2
0

/0

/

� �
þ a3

0: ð3:10Þ

Now substituting the values of v, v00, v3 in Eq. (3.7) and then
equating the coefficients of /0, /�1, /�2, /�3 to zero, we
respectively obtain

� 1

3
pra3

0 �
2

3
psa3

0 þ 2x2a0 ¼ 0; ð3:11Þ

2xq/000 þ 2x2 � pra2
0 � 2psa2

0

� �
/0 ¼ 0; ð3:12Þ

6xq/00 þ pðrþ 2sÞa0a1/
0 ¼ 0; ð3:13Þ

� 1

3
pra3

1 �
2

3
psa3

1 þ 4xqa1

� �
/0ð Þ3 ¼ 0: ð3:14Þ

Solving Eq. (3.11), we get
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