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where A, B are nonnegative real numbers,

Abstract The aim of this work is to investigate the global attractivity, periodic nature, oscillation
and the boundedness of all admissible solutions of the difference equations

n=0,1,...

C, D are positive real numbers and

+C + Dx, ,#0foralln > 0.
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1. Introduction

Difference equations appear naturally as discrete analogues
and numerical solutions of differential equations and delay dif-
ferential equations having applications in biology, ecology,
physics, etc, [1].

The study of nonlinear rational difference equations of
higher order is of paramount importance, since we still know
so little about such equations.

El-Owaidy et al. [2] investigated the global attractivity of
the difference equation

o= ﬂxn—l

Xp41 = —, }’120717_,,
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where, o, 3, y are non-negative real numbers and y + x,, # 0 for
alln = 0.

Xiu-Mei et al. [3] investigated the global attractivity of the
negative solutions of the nonlinear difference equation

1 - Xn—k

_— =0,1,...
A+D)Cn7 n s Ly

Xnt1 =

where A € (—o0, 0), k is a positive integer and A + Dx,, # 0 for
alln > 0.

Wan-Sheng et al. [4] studied the attractivity of the nonlinear
delay difference equation

a— bxn—k

=0,1,...
A+X” ) n s by

Xny1 =
where a > 0, b, A >0,ke{l,2,...} and 4 + x,#0 for all
n = 0.

In this paper, we study the global attractivity of the differ-
ence equations
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where A, B are nonnegative real numbers, C, D are positive
real numbers and+C + Dx,_,#=0 for all n > 0.

2. Preliminaries

Consider the difference equation

Xn+1 :_f(xmxnfla“wxnka n:0717'~' (21)

Let / be a continuous function which maps some set J<*!
into J, where J is some interval of real numbers. It is easy to
see that Eq. (2.1) has a unique solution {x,},- , for the initial
conditions X_j, X_j4+1, ... Xo € J.

Definition 2.1. [5]

(1) An equilibrium point x for Eq. (2.1) is called locally sta-
ble if for every e > 0, there exists 6 > 0 such that for all
X_ks X_ft+1s -+ Xo €J with Z?;,Jx,— —X| < 6 we have
|x, —¥| < e for all n € N. Otherwise X is said to be
unstable.

(2) The equilibrium point x of Eq. (2.1) is called locally
asymptotically stable if it is locally stable and there
exists y > 0 such that for any initial conditions with
Z?;,Jx,— —X| <y, we have lim,_,.x, = X.

(3) The equilibrium point X for Eq. (2.1) is called a global
attractor if x_p, x_z41, ..., Xg € J always implies that
lim,_,coX, = X.

(4) The equilibrium point ¥ for Eq. (2.1) is called globally
asymptotically stable if it is locally asymptotically stable
and global attractor.

The linearized equation associated with Eq. (2.1) is

k
i .
yn+1:Za)€ v('x7"'7'x)y11*f7 n:0717"' (22)
i=0 n-i

The characteristic equation associated with Eq. (2.2) is

k
. of

/1/\+1 _ §
i=0 OXn-i

(%,..., ) =0. (2.3)

Theorem 2.2 [5]. Assume that fis a C' function and let % be an
equilibrium point of Eq. (2.1). Then the following statements are
true:

(1) If all roots of Eq. (2.3) lie in the open disk| A < I, thenx
is locally asymptotically stable.

(2) If at least one root of Eq. (2.3) has absolute value
greater than one, then X is unstable.

Theorem 2.3 [6]. Consider the third-degree polynomial equation

Pyal+ai+a =0, (2.4)

where ay, a; and a, are real numbers. Then a necessary and suf-
ficient condition that all roots of Eq. (2.4) to lie inside the open
disk | < Iis

las + ao| < 14+ a1, |ay —3ag| <3 —ay, aé—i—al — apa, < 1.

Theorem 2.4. Consider the difference equation

Xn+1 :f(xn—hxn—Z)v n=0,1,... (25)

Let [a, b] be an interval of real numbers and assume that
S+ la,b] x la,b] — [a, b]

is a continuous function satisfying the following properties:

(1) f(x, y) is non-decreasing in x € [a, b] for each y € [a, b]
and f(x, y) is non-increasing in y € [a, b] for each
X € [a, b];

(2) If (m, M) € [a, b] X [a, b] is a solution of the system

fim,M)=m and f(M,m)=M,

then m = M.Then Eq. (2.5) has a unique equilibrium
X € la, b] and every solution of (2.5) converges to X.

The change of variables x, = %yn reduces Eq. (1.1) to the
difference equation

y"“:%yyz’ n=0,1,... (2.6)
where p =45 and ¢ = £.

In what follows, we will only consider the solutions corre-
sponding to admissible initial conditions which will be called
admissible solutions.

The stability is refereed to the set of admissible solutions.

3. The difference equation y,,, = 221
+Vn-2

In this section we study the global attractivity of the difference
equation

D=4V,

. on=0,1,... 3.1
1+yn—2 " ( )

y71+1 =

We can see that the equilibrium points of Eq. (3.1) are the
zeros of the function

HE) =7+ +qy—p.
That is
(1+q)° +4p)

n=500+q) +

N —

and

=y (-4 /(149 +4p)

The linearized equation associated with Eq. (3.1) about y;,
i=1,2is

q i
—_—0Zz._ —t 7z , =0
Zn+l+]+J72n 1+1+)72n2 )

i i

n=0,1,... (3.2)

Its associated characteristic equation is

q Vi
P+ =0. 3.3
1+y; 1+; (3:3)
Suppose that
q Vi
() =2+t —ar =0, i=1,2.
&il4) 1+7 1+7;
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