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In this paper, we study the boundedness and persistence, existence and uniqueness of
positive equilibrium, local and global behavior of positive equilibrium point, and rate of conver-
gence of positive solutions of following system of rational difference equations
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where the parameters «;, f5;, a;, b; for i € {1,2} and initial conditions xo, x_;, y,, y_, are positive
real numbers. Some numerical examples are given to verify our theoretical results.
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1. Introduction

Systems of nonlinear difference equations of higher-order are
of paramount importance in applications. Such equations also
appear naturally as discrete analogues and as numerical
solutions of systems differential and delay differential equa-
tions which model various phenomena in biology, ecology,
physiology, physics, engineering and economics. For applica-
tions and basic theory of rational difference equations we refer
to [1-3]. It is very interesting to investigate the behavior of
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solutions of a system of nonlinear difference equations and
to discuss the local asymptotic stability of their equilibrium
points. Competitive and anti-competitive systems of rational
difference equations are very important in population dynam-
ics. The theory of these systems has remarkable applications in
biological sciences.

Gibbons et al. [4] investigated the qualitative behavior of
the following second-order rational difference equations

o+ fx,y
X,

Xnt1 =

Recently, Din et al. [5] studied the qualitative behavior of
the following competitive system of rational difference
equations

o +ﬂ1xn—l _a2+ﬁ2yn—l
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n
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Motivated by above study, our aim in this paper was to
investigate the qualitative behavior of positive solutions of fol-
lowing second-order system of rational difference equations:
o+ By P o + BaXni (1)
ay+byx, ! a + by, ’

Xnt1 =

where the parameters oy, f5;, a;, b; for i € {1,2} and initial
conditions xy, X_1, J,, V_, are positive real numbers.

More precisely, we investigate the boundedness character,
persistence, existence and uniqueness of positive steady-state,
local asymptotic stability and global behavior of unique posi-
tive equilibrium point, and rate of convergence of positive
solutions of system (1) which converge to its unique positive
equilibrium point.

2. Boundedness and persistence

In the following theorem we show the boundedness and persis-
tence of the positive solutions of system (1). We refer to [5-8]
for similar methods to prove boundedness and persistence.

Theorem 1. Assume that [\, < aias, then every positive
solution {(x,,y,)} of system (1) is bounded and persists.

Proof. For any positive solution {(x,,y,)} of system (1), one
has

Xpp1 S A1+ By, Vo KA+ Bx,n, n=0,1,2,..,
2

where 4; =% and B, = for i € {1,2}. Consider the following

system of difference equations

Upyy = A1+ Byvy, Ve =Ar+ Bou,, n=0,1,2,....
(3)

Solution of system (3) is given by

where ¢; for i€ {1,2,3,4} depend upon initial conditions
u_y, uy, v_1, vo. Assume that f8,f, < aja,, then the sequences
{u,} and {v,} are bounded, which implies that the sequences
{x,} and {y,} are also bounded. Suppose that u_; =x_j,

uy = X, v_1 = y_; and vy = y,, then by comparison we have
e tab o cmatab o,
aay — BB, aay — B,
(4)
Furthermore, from system (1) and (4) we obtain that
T e (s — fyfy) —Li, (5)
ar+bix, — a(aiay — Py By) +bi(cnar + o)
o o (aja, —
Y1 2 - 21>~ ) =L, (6)

=
ay+byy, ~ a(aiar — B, fy) + ba(ma; + o4 f5y)
From (4)—(6), it follows that
Li<x,<U, L<y<U, n=12,....

Hence, theorem is proved. [

Lemma 1. Let {(x,,y,)} be a positive solution of system (1).
Then, [Ly, U,| X [La, U, is invariant set for system (1).

Proof. The proof follows by induction. [

3. Stability analysis

To construct corresponding linearized form of system (1) we
consider the following transformation:

(xn7yn7xn*17yn—])H(f;g>fi>gl)7 (7)

where f=Xx,,1,8 =¥,.1,./i =X, and g, = y,. The linearized
system of (1) about (X, ) is given by
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