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Abstract An ideal I is a family of subsets of N�N which is closed under taking finite unions and

subsets of its elements. In this article, the concept of lacunary ideal convergence of double sequences

has been introduced. Also the relation between lacunary ideal convergent and lacunary Cauchy

double sequences has been established. Furthermore, the notions of lacunary ideal limit point

and lacunary ideal cluster points have been introduced and find the relation between these two

notions. Finally, we have studied the properties such as solidity, monotonic.
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1. Introduction

The notion of statistical convergence for sequences of real
numbers has been introduced by Steinhaus [1] and Fast [2]

independently. Mursaleen and Edely [3] extended the above
idea from single to double sequences of scalars and established
relations between statistical convergence and strongly Cesáro
summable double sequences. The notion of I-convergence

was studied at initial stage by Kostyrko et al. [4]. Kostyrko
et al. [5] gave some of basic properties of I-convergence and
dealt with extremal I-limit points. Later on it was studied by

S̆alát et al. [6], Hazarika and Savas� [7], Tripathy and Hazarika

[8] and many others. In [9], Tripathy and Tripathy introduced
the notion of ideal convergent double sequences. Fridy and
Orhan [10] introduced the concept of lacunary statistical con-

vergence. Some work on lacunary statistical convergence can
be found in [11–16]. The notion of lacunary ideal convergence
of real sequences was introduced in [17,18]. Hazarika [19–21]

introduced the lacunary ideal convergent sequences of fuzzy
real numbers and studied some basic properties of this notion.
Hazarika [22] introduced the notion of lacunary ideal conver-
gent double sequences of fuzzy real numbers. Bakery and

Mohammed [23] introduced lacunary mean ideal convergence
in generalized random n-normed spaces.

A family of sets I# 2N (power sets of N) is said to be an
ideal if I is additive i.e. A;B 2 I) A [ B 2 I and hereditary

i.e. A 2 I;B#A) B 2 I. A non-empty family of sets F � 2N

is a filter on N if and only if / R F;A \ B 2 F for each
A;B 2 F, and any superset of an element of F is in F. An ideal
I is called non-trivial if I – / and N R I. Clearly I is a non-

trivial ideal if and only if F ¼ FðIÞ ¼ fN� A : A 2 Ig is a filter

q This paper is in final form and no version of it will be submitted for

publication elsewhere.
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in N, called the filter associated with the ideal I. A non-trivial
ideal I is called admissible if and only if ffng : n 2 Ng � I. A
non-trivial ideal I is maximal if there cannot exists any non-

trivial ideal J – I containing I as a subset (for details on ideals
see [4]).

A lacunary sequence is an increasing integer sequence

h ¼ ðkrÞ such that k0 ¼ 0 and hr ¼ kr � kr�1 !1. The inter-
vals determined by h will be defined by Jr ¼ ðkr�1; kr� and the

ratio kr
kr�1

will be defined by /r (for details on lacunary sequence

see [24]).

2. Definitions and preliminaries

We denote w is the space of all sequences.

Definition 1 [4]. A sequence ðxkÞ 2 w is said to be I-convergent
to the number L if for every e > 0, fk 2 N : jxk � LjP eg 2 I.

We write I� lim xk ¼ L.

Definition 2 [25]. A sequence ðxkÞ 2 w is said to be I-null if
L ¼ 0. We write I� lim xk ¼ 0.

Definition 3 [25]. Let I be an admissible ideal of N. A

sequence ðxkÞ 2 w is said to be I-Cauchy if for every e > 0 there
exists a number m ¼ mðeÞ such that fk 2 N : jxk � xmj
P eg 2 I.

Definition 4 [17,18]. Let h ¼ ðkrÞ be lacunary sequence. Then

a sequence ðxkÞ is said to be lacunary I-convergent if for every
e > 0 such that

r 2 N :
1

hr

X
k2Jr

jxk � LjP e

( )
2 I:

We write Ih � lim xk ¼ L.

Definition 5 [17,18]. Let h ¼ ðkrÞ be lacunary sequence. Then

a sequence ðxkÞ is said to be lacunary I-null if for every e > 0
such that

r 2 N :
1

hr

X
k2Jr

jxkjP e

( )
2 I:

We write Ih � lim xk ¼ 0.

Definition 6 [17,18]. Let I be an admissible ideal of N and let

h ¼ ðkrÞ be lacunary sequence. Then a sequence ðxkÞ is said to

be lacunary I-Cauchy if there exists a subsequence x0kðrÞ
� �

of

ðxkÞ such that k0ðrÞ 2 Jr for each r; limr!1xk0ðrÞ ¼ L and for

every e > 0 such that

r 2 N :
1

hr

X
k2Jr

jxk � xk0ðrÞjP e

( )
2 I:

Definition 7 [17,18]. A lacunary sequence h0 ¼ ðk0ðrÞÞ is said to
be a lacunary refinement of the lacunary sequence h ¼ ðkrÞ if
ðkrÞ � ðk0ðrÞÞ.

Throughout the paper, we shall denote by I is an admissible
ideal of subsets of N�N and hr;s ¼ ðkr;sÞ a double lacunary

sequence of positive real numbers, respectively, unless other-
wise stated.

3. Lacunary convergence of double sequences

By the convergence of a double sequence we mean the conver-

gence in the Pringsheim’s sense [26]. A double sequence
x ¼ ðxk;lÞ has a Pringsheim limit L (denoted by

P� lim x ¼ L) provided that given an e > 0 there exists an
N 2 N such that jxk;l � Lj < e whenever k; l > N. We shall

describe such an x ¼ ðxk;lÞ more briefly as ‘‘P� convergent’’.

A double sequence �h ¼ hr;s ¼ fðkr; lsÞg is called double lacu-

nary sequence if there exist two increasing sequence of integers

ðkrÞ and ðlsÞ such that

ko ¼ 0; hr ¼ kr � kr�1 !1 as r!1

and

lo ¼ 0; hs ¼ ls � ls�1 !1 as s!1:

Let us denote kr;s ¼ krls; hr;s ¼ hrhs and hr;s is determined by

Jr;s ¼ fðk; lÞ : kr�1 < k 6 kr and ls�1 < l 6 lsg;

qr ¼
kr
kr�1

; qs ¼
ls
ls�1

and qr;s ¼ qrqs

(for details on double lacunary sequences we refer to [27]).

Definition 8. A double sequence x ¼ ðxk;lÞ is said to be hr;s-
convergent to L 2 R if for every e > 0 and there exist integers
n0 2 N such that

1

hr;s

X
ðk;lÞ2Jr;s

jxk;l � Lj < e

for all r; s P n0. In this case, we write hr;s � lim x ¼ L.

Theorem 1. Let x ¼ ðxk;lÞ be a double sequence. If x ¼ ðxk;lÞ is
hr;s-convergent then hr;s � lim x is unique.

Proof. The proof of the theorem is starightforward, thus omit-

ted. h

4. Lacunary ideal convergence of double sequences

Definition 9. Let hr;s ¼ ðkr;sÞ be a double lacunary sequence.

Then a double sequence ðxk;lÞ is said to be Ihr;s -convergent if for

every e > 0 such that

ðr; sÞ 2 N�N :
1

hr;s

X
ðk;lÞ2Jr;s

jxk;l � LjP e

8<
:

9=
; 2 I:

We write Ihr;s � lim xk;l ¼ L.

Definition 10. A double sequence ðxk;lÞ is said to be Ihr;s -null if

for every e > 0 such that

ðr; sÞ 2 N�N :
1

hr;s

X
ðk;lÞ2Jr;s

jxk;ljP e

8<
:

9=
; 2 I:
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