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Abstract This paper presents a research for the 3D flow of a generalized Burgers’ fluid between

two side walls generated by an exponential accelerating plate and a constant pressure gradient,

where the no-slip assumption between the exponential accelerating plate and the Burgers’ fluid is

no longer valid. The governing equations of the generalized Burgers’ fluid flow are established by

using the fractional calculus approach. Exact analytic solutions for the 3D flow are established

by employing the Laplace transform and the finite Fourier sine transform. Furthermore, some

3D and 2D figures for the fluid velocity and shear stress are plotted to analyze and discuss the

effects of various parameters.
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1. Introduction

Studies of non-Newtonian fluids have obtained more and more
attention in the last few years, the main reason may be that

non-Newtonian fluids (such as humans blood, polymer suspen-
sion, slurries, and oil) are widely exist in life, production and
nature. It is well known that the fluid which satisfies the law

of Newton inner friction that the stress tensor is proportional
to fluid velocity gradient, is called Newtonian fluid. However
non-Newtonian fluids do not obey the law of Newton inner

friction and show more complex rheological behaviors than
Newtonian fluids. Among of all non-Newtonian fluids, visco-
elastic fluid which has both viscous and elastic characteristics,

is an important class. Various viscoelastic fluid models have
been put forward to research the flow behaviors of the fluid.
Among these models, the Maxwell fluid model [1,2], the second
grade fluid model [3,4], the Oldroyd-B fluid model [5,6] and the

Burgers’ fluid model [7–9] are four typical viscoelastic fluid
models. The constitutive equations of viscoelastic fluid with
fractional derivative have been successfully used to describe

viscoelastic characteristics, which are derived by replacing
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the integer order time derivative of the classical constitutive
equations with the fractional derivative [10–13]. Last few
years, many attempts about the generalized Burgers’ fluid flow

with fractional derivative have been done. Some flows of gen-
eralized Burgers’ fluid with fractional derivative in the porous
media space were considered by Xue [14,15], Khan and Hayat

[16] and Hayat et al. [17]. Khan [18–20] obtained the exact ana-
lytical solutions for the accelerated, rotating and oscillating
flows of a fractional generalized Burgers’ fluid. Hyder Ali Mut-

taqi Shah [21] discussed the Poiseuille and Couette flows of a
fractional Burgers’ fluid between two parallel plates. Liu
et al. [22] investigated the radiation effects on the heat transfer
of a fractional generalized Burgers’ fluid and obtained the

exact analytical solutions for velocity and temperature fields.
In the past few years, unsteady flow problems of viscoelas-

tic fluids between two side walls have obtained considerable

attention. The exact analytical solutions for the Maxwell fluid
flow between two side walls due to a constant velocity plate
was investigated by Hayat et al. [23]. Fetecau et al. [24] and

Khan and Wang [25] investigated the flows of a generalized
second-grade fluid induced by a accelerated plate between
two side walls. Some exact analytical solutions for generalized

Oldroyd-B fluid flows between two side walls due to a acceler-
ated plate were established by Fetecau [26,27] and Hyder Ali
Muttaqi Shah [28]. Zheng et al. [29] for the first time presented
the 3D figures for the flow of a generalized Oldroyd-B fluid

with fractional derivative generated by a constant pressure gra-
dient. Moreover, boundary slip is found to play an important
role in various engineering technological applications. Zheng

et al. [30] firstly studied slip effects on magnetohydrodynamic
flow of a generalized Oldroyd-B fluid and obtained the exact
analytical solutions.

Based on the above mentioned works and in order to better
describe the flow of generalized Burgers’ fluid, we investigate
slip effects on the 3D flow between two side walls generated

by an exponential accelerating plate and a constant pressure
gradient. The governing equations of the generalized Burgers’
fluid are established by making use of the fractional calculus
approach. The exact analytical solutions for the 3D flow are

calculated by employing the Laplace transform and the finite
Fourier sine transform. Furthermore, some figures are plotted
to analyze and discuss the effects of various parameters.

2. Basic governing equations

The constitutive relationship for an incompressible generalized

Burgers’ fluid with fractional derivative is [16–22]

T ¼ �pIþ S; ð1þ ka
1

~Da
t þ ka

2
~D2a
t ÞS ¼ lkb

3
~Db
tA ð1Þ

In the above equations, �pI indicates the indeterminate spher-

ical stress, T is the Cauchy stress tensor, S the extra stress ten-
sor, A represents the first Rivlin–Ericksen tensor, l indicates
dynamic viscosity, k1 the relaxation time, k2 is the new material

parameter, k3ð< k1Þ the retardation time, a and b
(0 6 a 6 b 6 1) are the fractional calculus parameters, ~Dp

t

denotes the upper convected time fractional derivative and is
defined by [16–22]

~Dp
tS ¼ Dp

tSþ ðV � rÞS� LS� SLT ð2Þ

~D2p
t S ¼ ~Dp

t ð ~Dp
tSÞ ð3Þ

where V denotes the fluid velocity, L denotes the velocity gra-

dient, Dp
t denotes the fractional calculus operator of order p

with respect to t and is defined by [31]

Dp
t fðtÞ ¼

1

Cð1� pÞ
d

dt

Z t

0

fðsÞ
ðt� sÞp ds; 0 6 p 6 1; ð4Þ

where Cð�Þ is the Gamma function.
The motion equation in the absence of body force is the fol-

lowing form [18]

q
dV

dt
¼ r � T ð5Þ

where q denotes the fluid density, r is the gradient operator.
We assume the motion of the fluid is unidirectional, the

velocity field of the fluid may be

V ¼ ½uðy; z; tÞ; 0; 0� ð6Þ

where uðy; z; tÞ denotes the fluid velocity in the x-axis direction.

Substituting Eq. (6) into (1), (5) and considering initial condi-
tion Sðy; z; 0Þ ¼ 0, we obtain the following equations
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where @p=@x is the pressure gradient along x-axis. Eliminating
Sxy and Sxz between Eqs. (7)–(9), we get the governing equa-

tion of the flow problem
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where m ¼ l=q denotes kinematic viscosity.

3. Flow between two side walls

In the following sections, we investigate an incompressible gen-
eralized Burgers’ fluid with fractional derivative between two
side walls occupying the full space above the plate which is per-

pendicular to the side walls. The Burgers’ fluid begins to move
due to the exponential accelerating plate with a motion of the
speed e�t and a constant pressure gradient A ¼ �1=q � @p=@x
in the x-axis direction. The slip between the exponential accel-
erating plate and the Burgers’ fluid is considered. The govern-
ing equation of the fluid is Eq. (10) and the corresponding
initial and boundary conditions are

uðy;z;0Þ¼ utðy;z;0Þ¼ uttðy;z;0Þ¼ 0; ðy> 0;06 z6 hÞ ð11Þ

uð0; z; tÞ ¼ e�t þ h
@uð0; z; tÞ

@y
; ðt P 0; 0 6 z 6 hÞ ð12Þ

uðy; z; tÞ ¼ uyðy; z; tÞ ¼ 0; ðy; t P 0; z ¼ 0; hÞ ð13Þ

uyðy; z; tÞ ! 0; ðy!1; t P 0; 0 < z < hÞ ð14Þ

where h is the slip coefficient, h denotes the distance between
the side walls, and Eq. (14) is the natural boundary condition
of the flow problem.
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