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with inner singularities

Wen-ming Lu 1, Lin Zhang *

Institute of Mathematics, Hangzhou Dianzi University, Hangzhou 310037, PR China

Received 22 March 2012; revised 26 May 2012; accepted 14 August 2012

Available online 22 October 2012

KEYWORDS

Weighted approximation;

Bernstein polynomials;

Inner singularities

Abstract We introduce a new type of Bernstein polynomials, which can be used to approximate

the functions with inner singularities. The direct and inverse results of the weighted approximation

of this new type of combinations are obtained.
ª 2012 Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

1. Introduction

The set of all continuous functions, defined on the interval I, is
denoted by C(I). For any f 2 C([0,1]), the corresponding
Bernstein polynomials are defined as follows:

Bnðf; xÞ :¼
Xn
k¼0

f
k

n

� �
pn;kðxÞ;

where

pn;kðxÞ ¼
n

k

� �
xkð1� xÞn�k; k ¼ 0; 1; 2; . . . ; n; x 2 ½0; 1�:

Let �wðxÞ ¼ jx� nja; 0 < n < 1; a > 0 and C�w :¼ ff 2 Cð½0; 1�
nfngÞ : limx!nð�wfÞðxÞ ¼ 0g. The norm in C�w is defined by

kfkC�w
:¼ k�wfk ¼ sup06x 6 1jð�wfÞðxÞj. Define

W2
/ :¼ ff 2 C�w : f0 2 A:C:ðð0; 1ÞÞ; k�w/2f00k <1g;

W2
�w;k :¼ ff 2 C�w : f0 2 A:C:ðð0; 1ÞÞ; k�wu2kf00k <1g:

For f 2 C �w, the weighted modulus of smoothness is defined

by

x2
/ðf; tÞ�w :¼ sup

0<h 6 t

sup
0 6 x 6 1

j�wðxÞM2
h/ðxÞfðxÞj;

where

D2
h/fðxÞ ¼ fðxþ h/ðxÞÞ � 2fðxÞ þ fðx� h/ðxÞÞ;

and uðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞ

p
; dnðxÞ ¼ uðxÞ þ 1ffiffi

n
p .

Recently Felten showed the following two theorems in [1]:

Theorem A. Let uðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞ

p
and let /:[0,1] fi R, / „ 0

be an admissible step-weight function of the Ditzian–Totik

modulus of smoothness [4] such that /2 and u2//2 are concave.

Then, for f 2 C[0,1] and 0 < a < 2,

jBnðf; xÞ � fðxÞj 6 x2
/ f; n�1=2

uðxÞ
/ðxÞ

� �
:

Theorem B. Let uðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞ

p
and let /:[0,1] fi R, / „ 0

be an admissible step-weight function of the Ditzian–Totik
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modulus of smoothness such that /2 and u2//2 are concave.

Then, for f 2 C[0,1] and 0< a < 2,

jBnðf; xÞ � fðxÞj ¼ O n�1=2
uðxÞ
/ðxÞ

� �a� �

implies x2
/ðf; tÞ ¼ OðtaÞ.

Approximation properties of Bernstein polynomials have

been studied very well [2–5]. In order to approximate the func-
tions with singularities, Della Vecchia et al. [3] introduced
some kinds of modified Bernstein polynomials. Throughout
the paper, C denotes a positive constant independent of n

and x, which may be different in different cases.
Let /: [0,1] fi R, / „ 0 be an admissible step-weight func-

tion of the Ditzian–Totik modulus of smoothness, that is, /
satisfies the following conditions:

(I) For every proper subinterval [a,b] ˝ [0,1] there exists a

constant C1 ” C(a,b) > 0 such that C�11 6 /ðxÞ 6 C1

for x 2 [a,b].
(II) There are two numbers b(0) P 0 and b(1) P 0 for which

/ðxÞ � xbð0Þ; as x! 0þ;
ð1� xÞbð1Þ; as x! 1� :

(

(X � Y means C�1Y 6 X 6 CYfor some C).

Combining conditions (I) and (II) on /, we can deduce that

C�1/2ðxÞ 6 /ðxÞ 6 C/2ðxÞ; x 2 ½0; 1�;

where /2(x) = xb(0)(1 � x)b(1).

2. The main results

Let

wðxÞ ¼
10x3 � 15x4 þ 6x5; 0 < x < 1;

0; x 6 0;

1; x P 1:

8><
>:

Obviously, w is non-decreasing on the real axis,
w 2 C2((�1,+1)), w(i)(0) = 0, i= 0, 1, 2. w(i)(1) = 0,

i= 1,2 and w(1) = 1. Further, let

x1 ¼
nn� 2

ffiffiffi
n
p

½ �
n

; x2 ¼
nn�

ffiffiffi
n
p

½ �
n

; x3 ¼
nnþ

ffiffiffi
n
p

½ �
n

;

x4 ¼
nnþ 2

ffiffiffi
n
p

½ �
n

;

and

�w1ðxÞ ¼ w
x� x1

x2 � x1

� �
; �w2ðxÞ ¼ w

x� x3

x4 � x3

� �
:

Consider

PðxÞ :¼ x� x4

x1 � x4

fðx1Þ þ
x1 � x

x1 � x4

fðx4Þ;

the linear function joining the points (x1, f(x1)) and (x4, f(x4)).
And let

Fnðf; xÞ :¼ FnðxÞ
¼ fðxÞð1� �w1ðxÞ þ �w2ðxÞÞ þ �w1ðxÞð1� �w2ðxÞÞPðxÞ:

From the above definitions it follows that

Fnðf; xÞ ¼

fðxÞ; x 2 ½0; x1� [ ½x4; 1�;

fðxÞð1� �w1ðxÞÞ þ �w1ðxÞPðxÞ; x 2 ½x1; x2�;

PðxÞ; x 2 ½x2; x3�;

PðxÞð1� �w2ðxÞÞ þ �w2ðxÞfðxÞ; x 2 ½x3; x4�:

8>>>>><
>>>>>:

Evidently, Fn is a positive linear polynomials which depends

on the functions values f(k/n), 0 6 k/n 6 x2 or x3 6 k/n 6 1, it
reproduces linear functions, and Fn 2 C2ð½0; 1�Þ provided
f 2W2

/. Now for every f 2 C�w define the Bernstein type

polynomials

Bnðf;xÞ :¼ BnðFnðfÞ;xÞ

¼
X

k=n2½0;x1 �[½x4 ;1�
pn;kðxÞf

k

n

� �
þ

X
x2<k=n<x3

pn;kðxÞP
k

n

� �

þ
X

x1<k=n<x2

pn;kðxÞ f
k

n

� �
1� �w1

k

n

� �� �
þ �w1

k

n

� �
P

k

n

� �� �

þ
X

x3<k=n<x4

pn;kðxÞ P
k

n

� �
1� �w2

k

n

� �� �
þ �w2

k

n

� �
f

k

n

� �� �
:

ð2:1Þ

Obviously, Bn is a positive linear polynomials, BnðfÞ is a
polynomial of degree at most n, it preserves linear functions,

and depends only on the function values f(k/n), k/n 2 [0,x2] [
[x3,1]. Now we state our main results as follows:

Theorem 1. If a > 0, for any f 2 C�w, we have

�wB00nðfÞ
�� �� 6 Cn2k�wfk: ð2:2Þ

Theorem 2. For any a > 0; minfbð0Þ; bð1Þg P 1
2
; 0 < n < 1,

we have

j�wðxÞ/2ðxÞB00nðf; xÞj 6
Cnk�wfk; f 2 C �w;

Ck�w/2f00k; f 2W2
/:

(
ð2:3Þ

Theorem 3. For f 2 C�w; 0 < n < 1; a > 0; minfbð0Þ;bð1Þg P
1
2
; a0 2 ð0; 2Þ, we have

�wðxÞjfðxÞ � Bnðf; xÞj ¼ O n�
1
2/�1ðxÞdnðxÞ

� 	a0� 	
() x2

/ðf; tÞ�w

¼ Oðta0Þ:

3. Lemmas

Lemma 1. [7] For any non-negative real u and v, we have

Xn�1
k¼1

k

n

� ��u
1� k

n

� ��v
pn;kðxÞ 6 Cx�uð1� xÞ�v: ð3:1Þ

Lemma 2. [3] For any a � 0; f 2 C �w, we have

k�wBnðfÞk 6 Ck�wfk: ð3:2Þ

Lemma 3. [6] Let minfbð0Þ; bð1Þg P 1
2
, then for 0 < t < 1

4
and

t< x < 1 � t, we have
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