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Abstract In this paper, we discuss the global asymptotic stability of all solutions of the difference

n=0,1,...

where A4, B,C are positive real numbers and the initial conditions x_,,x ;,x, are real

numbers. Although we have an explicit formula for the solutions of that equation, the oscillation
character is worth to be discussed.
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1. Introduction

Difference equations, although their forms look very simple, it
is extremely difficult to understand thoroughly the global
behaviors of their solutions. One can refer to [1-4]. The study
of nonlinear rational difference equations of higher order is of
paramount importance, since we still know so little about such
equations.

Cinar [5,6] examined the global asymptotic stability of all
positive solutions of the rational difference equation
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Xn—1
Xnpl =TT n=0,1,...
1+xl1xn—]
and
Xn—1
Ny = ——"L =01, ..
—1 4+ x,x,_

He also [7] discussed the behavior of the solutions of the
difference equation
ax,—

—_— =0,1,...
1+b-xnxn71’ " T

Xnyl =
Stevi¢ [8] showed that every positive solution of the difference
equation
Xn—1

Xpp) = ———— =0,1,...
Xn+1 1+x,1x,,,1’ n [
converges to zero.

In [9], H. Sedaghat determined the global behavior of all
solutions of the rational difference equations
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axXp—|
b
XpXpo1 + b

_ aAxXyXp—| —0.1
Xny1 = —, n=0,1,...
Xn + bxn—Z

Xnt1 =

where a,b > 0.
In [10], the author investigated the global behavior and
periodic character of the two difference equations

Xn—2

n=0,1,...

Xny1 =
+1 + XpXp—1Xn-2 ’

In this paper, we discuss the global stability and periodic
character of all solutions of the difference equation

Axn72
il ==, =0,1,... 1.1
ot B + anxnflxan " ( )
Consider the difference equation
Xpr1 =Xy Xty ooy Xug), n=0,1... (1.2)
where f: R*"! — R.
Definition 1.1 [11]. An equlhbrlum point for Eq. (1.2) is a

point ¥ € R such that X = f(X, X,..., X).
Definition 1.2 [11].

(1) An equilibrium point X for Eq. (1.2) is called locally
stable if for every € > 0,36 > 0 such that every solution
{x.} with initial conditions  X_j,X_ji1,.. -,
Xo €]Jx — 0,X + d[ is such that x, €]x — e,X + €[, Vn € N.
Otherwise ¥ is said to be unstable.

(2) The equilibrium point X of Eq. (1.2) is called locally
asymptotically stable if it is locally stable and there
exists y >0 such that for any initial conditions
X_fyX_fily .- -5 Xo €JX — y,% + 7|, the corresponding solu-
tion {x,} tends to X.

(3) An equilibrium point x for Eq. (1.2) is called global
attractor if every solution {x,} converges to ¥ as n — oc.

(4) The equilibrium point ¥ for Eq. (1.2) is called globally
asymptotically stable if it is locally asymptotically stable
and global attractor.

The linearized equation associated with Eq. (1.2) is

yn+1 Zax 7x)yn7i’ n:071727"' (13)

the characteristic equation associated with Eq. (1.3) is

VAR ©)2 =0 1.4
Z B, Y 14

Theorem 1.3 [11]. Assume that fis a C' function and let X be an
equilibrium point of Eq. (1.2). Then the following statements are
true:

(1) If all roots of Eq. (1.4) lie in the open disk |A| < 1, then X
is locally asymptotically stable.

(2) If at least one root of Eq. (1.4) has absolute value greater
than one, then X is unstable.

The change of variables \"/%x,, =y, reduces the Eq. (1.1) to
the equation

Yn2
1 + YnVn-1Vn-2 '

_4
where y = 4.

yn+1: I’l:O,l,... (15)

2. Linearized stability and solutions of Eq. (1.5)

In this section we study linearized stability analysis and the
solutions of the difference Eq. (1.5). It is clear that Eq. (1.5)
has the equilibrium points y = 0 and y = y/y — 1. During the
paper, we suppose that o =y_,y_,y,.

The following theorem describes the behavior of the equi-
librium points.

Theorem 2.1. Assume that 07 —<r—
following statements are true.

Z - for any n € N. Then the
io?"

() If y < 1, then y =0 is locally asymptotically stable and
y =~y — 1 is unstable.

(2) If y =1, then y = 0 is a nonhyperbolic point.

(3) If y> 1, theny =0 is a repeller andy = \/y — 1 is a non-
hyperbolic point.

Theorem 2.2. Let y_,,y_, and y, be real numbers such that
o= yfzyflyo#zﬁi,lw,for any n € N. Then the solutions of Eq.
i=0"

(1.5) are
n=l 14g Z o
}+1 k=0 —
Y HlolJf“Z, ﬂ/,? n 174777'”
n 1+
y, =1y e /101 “Zwk, n=2,58,... 2.1
k=0
e A/:ozyk
Yol Tt n=23,6,9,...
T ey

Proof. We have that
1 o

y_ﬁl T V=
1+oa(l +7y)
=T T o L
1 +o(l+y+92)

=

as expected by formula (2.1). Now assume that m > 1. Then
from formula (2.1), we can write

m—1 1/—
T LE %2k
Vam—2 = V- 2V H

1+a>) Oy'
R » LY il
3m—1 1 3j+1
n— B 1+ Zk]:() v
m 3j-2_k m— 3j+1
y =y ym 1 + aZI\] 0 / =y ,ym 1 + Zk/+0 ’yk
3m — Y0 3j—1 -0 T Y2k
R RO o1+ YDy

Then
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