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In this article we introduce the notion of asymptotically I-equivalent sequences. We
prove the decomposition theorem for asymptotically /-equivalent sequences. Further, we will pres-
ent four theorems that characterize asymptotically I-equivalent of multiple A and the regularity of
asymptotically /-convergence by using a sequence of infinite matrices.
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1. Introduction

Throughout w, £y, ¢, ¢o, ¢', ¢}, m", and m{ denote all, bounded,
convergent, null, I-convergent, I-null, bounded I-convergent
and bounded I-null class of sequences, respectively. Also N
and R denote the set of positive integers and set of real num-
bers, respectively. Further Sé denote the subset of the space
m} with non-zero terms.

The notion of statistical convergence is a very useful func-
tional tool for studying the convergence problems of numerical
sequences/matrices (double sequences) through the concept of
density. It was first introduced by Fast [1] and Schoenberg [2],
independently for the real sequences. Later on it was further
investigated from sequence space point of view and linked with
the summability theory by Fridy [3] and many others. The idea
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is based on the notion of natural density of subsets of N, the
set of positive integers, which is defined as follows. The natural
density of a subset of N is denoted by J(E) and is defined by

1
O(E) = lim ~|{k <n:k € E}],

where the vertical bar denotes the cardinality of the respective
set.

The notion of I-convergence (I denotes an ideal of subsets
of N), which is a generalization of statistical convergence,
was introduced by Kostyrko et al. [4]. Later on it was further
investigated from sequence space point of view and linked with
summability theory by Salat et al. [5,6], Tripathy and Hazarika
[7] and many others.

A non-empty family of sets 7/C P(N) (power set of N) is
called an ideal of N if (i) for each 4,B €I, we have
AUB € I (ii) for each 4 € Tand BC A, we have B € I. A fam-
ily FC P(N) (power set of N) is called a filter of N if (i) ¢ ¢ F;
(ii) for each 4, B € F, we have AN B € F; and (iii) for each
A€ F and BD A, we have B € F. An ideal I is called non-
trivial if /#¢ and N ¢ . It is clear that / C P(N) is a non-trivial
ideal if and only if the class F = F(I) = {N — A4 : A € [} is afil-
ter on N. The filter F([) is called the filter associated with the
ideal 1. A non-trivial ideal 7C P(N) is called an admissible
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ideal of N if it contains all singletons, i.e., if it contains
{{x}:x e N}

In [8], Marouf introduced the definition for asymptotically

equivalent of two sequences. In [9], Pobyvancts introduced
the concept of asymptotically regular matrices, which preserve
the asymptotic equivalence of two nonnegative numbers
sequences. The frequent occurrence of terms having zero value
makes a term-by-term ratio inapplicable in many cases. In [3],
Fridy introduced new ways of comparing rates of convergence.
If x is in /',
R, (x) = )
x is a bounded sequence, he used the supremum of the remain-
ing terms which is given by u,x := sup, ,|x|. In [10], Patterson
introduced the concept of asymptotically statistically equiva-
lent sequences and natural regularity conditions for nonnega-
tive summability matrices.

In present study we introduce the definition of asymptoti-
cally I-equivalent sequences and prove the decomposition the-
orem for asymptotically I-equivalent sequences and some
interesting theorems related to this notion.

he used the remainder sum, whose nth term is
as n — oo. If

S0 |xk], and examined the ratio

2. Definitions and notations

Definition 2.1. [1,3]. A sequence (i) is said to be textitstatis-
tically convergent to xp if for each &>0, the set
E(e) = {k € N : |x; — xo| = ¢} has natural density zero.

Definition 2.2 [4]. A sequence (xy) is said to be I-convergent if
there exists a number x;, such that for each ¢ > 0, the set

{keN:

Xp—Xo| = e} €L

Definition 2.3 [4]. Let (x;) and (y;) be two real sequences,
then we say that x; =y for almost all k related to 7
(a.a.k.r.d) if the set {k € N : x; 7y, } belongs to I.

Definition 2.4 [4]. An admissible ideal I is said to have the
property (4P) if for any sequence {4, 4,, ...} of mutually dis-
joint sets of I, there is sequence {By, By, ...} of sets such that
each symmetric difference 4;AB;(i=1,2,3,...) is finite and
UsiBiel

Example 2.1. If we take /=1;={4CN: A4 is a finite subset}.
Then, I is a non-trivial admissible ideal of N and the
corresponding convergence coincide with usual convergence
of sequences.

Example 2.2. If we take /=1, ={4ACN:(4) =0}, where
0(A4) denote the asymptotic density of the set 4. Then J; is a
non-trivial admissible ideal of N and the corresponding con-
vergence coincide with statistical convergence of sequences.

Let ¢! = {x = (x3) : 52, |x4| < 00}
For a summability transformation 4, we use d(A) to denote
the domain of A4:

d(A) = {x = (xx) : limZamkx/( exists}.

=1
Also S5 =

{x=(x¢):xx = 6>0 for all k} and

So = {the set of all nonnegative sequences which have at
most a finite number of zero entries}.
For a sequence x = (x;) in ¢' or £, we also define
o0

Z|xk| and u,x = sup|X/<| forn = 0.

k=n k=n

R,(x) =

Definition 2.5 [8]. Two nonnegative sequences (xx) and (y;)
are said to be asymptotically equivalent, written as x ~ y if

hm =1.

k- Yk

Definition 2.6. If 4 = (a,) is a sequence of infinite matrices,
then a sequence x = (x;) € £, is said to be A-summable to
the value x, if

lim( Ax = lim E Ay 1 X = Xo-
n n

Definition 2.7. A summability matrix A is asymptotically regu-
lar provided that Ax ~ Ay whenever x ~ y,x € Sy and y € S
for some J > 0.

The following results will be used for establishing some
results of this article.

Lemma 2.1 (Pobyvancts [9]). A nonnegative matrix A is
asymptotically regular if and only if for each fixed integer m,

al’l m

lim =0.

100 320 e
Lemma 2.2. A matrix A which maps ¢, to ¢y if and only if

(a) lim,_a,; for k=1,2,3,...

(b) There exists a number M >0 such that for each
n, > oy lank| < M. Throughout the article I is an admissi-
ble ideal of subsets of N.

3. Asymptotically I-equivalent sequences

In this section we introduce the following definitions and prove
the decomposition theorem and some interesting theorems.

Definition 3.1. Two nonnegative sequences x = (x;) and
v = () are said t(; be asymptotically I-equivalent of multiple
) € R, written as x ~ y, provided for every ¢ > 0, and y, 70, the

set

{keN
Ve

belongs to 7 and in this case we write / — llmk =/, simply
dsymptotlcdlly I- equwdlent if A=1.1Itis easy to “observe that

X ~y is equivalent to Nyk . From this observation it follow,
that we obtain the same notion if we use all real 1's, some 170,

or just A =1.

Example 3.1. Let us consider the sequences x = (x;) and
= () as follows:
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