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Abstract In this paper, we obtain Fekete-Szegö inequalities for certain class of analytic p-valent

functions f(z) for which 1þ 1
b

1
p

zðf�gÞ0ðzÞþkz2ðf�gÞ00 ðzÞ
ð1�kÞðf�gÞðzÞþkzðf�gÞ0ðzÞ � 1

h i
� uðzÞðb 2 C� ¼ C n f0gÞ. Sharp bounds

for the Fekete-Szegö functional japþ2 � la2pþ1j are obtained.
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1. Introduction

Let AðpÞ denote the class of functions f(z) of the form

fðzÞ ¼ zp þ
X1
k¼pþ1

akz
k ðp 2 N ¼ f1; 2; . . .gÞ; ð1:1Þ

which are analytic and p-valent in the open unit disk

U ¼ fz : z 2 C and ŒzŒ < 1}. Let gðzÞ 2 AðpÞ, be given by

gðzÞ ¼ zp þ
X1
k¼pþ1

gkz
k: ð1:2Þ

The Hadamard product (or convolution) of f(z) and g(z) is

given by

ðf � gÞðzÞ ¼ zp þ
X1
k¼pþ1

akgkz
k ¼ ðg � fÞðzÞ: ð1:3Þ

A function fðzÞ 2 AðpÞ is said to be p-valent starlike of order a,
denoted by S�pðaÞ, if and only if

Re
zf0ðzÞ
fðzÞ

� �
> a ð0 6 a < p; z 2 UÞ: ð1:4Þ

A function fðzÞ 2 AðpÞ is said to be p-valent convex of order a,
denoted by Cp(a), if and only if

Re 1þ zf00ðzÞ
f0ðzÞ

� �
> a ð0 6 a < p; z 2 UÞ: ð1:5Þ

The classes S�pðaÞ and Cp(a) were defined by Owa [1]. From

(1.4) and (1.5), it follows that

fðzÞ 2 CpðaÞ ()
zf0ðzÞ
p
2 S�pðaÞ: ð1:6Þ
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For two functions f and g, analytic in U, we say that the
function f(z) is subordinate to g(z) in U and write f(z) p g(z),
if there exists a Schwarz function w(z), analytic in U with

w(0) = 0 and Œw(z)Œ < 1 such that f(z) = g(w(z)) (z 2 U).
Furthermore, if the function g is univalent in U, then we have
the following equivalence (see [2]):

fðzÞ � gðzÞ () fð0Þ ¼ gð0Þ and fðUÞ � gðUÞ:

Let u(z) be an analytic function with positive real part on U
satisfies u(0) = 1 and u0(0) > 0 which maps U onto a region
starlike with respect to 1 and symmetric with respect to the real

axis. Let S�b;pðuÞ be the class of functions fðzÞ 2 AðpÞ for which

1þ 1

b

1

p

zf0ðzÞ
fðzÞ � 1

� �
� uðzÞ ðz 2 UÞ; ð1:7Þ

and Cb,p(u) be the class of functions fðzÞ 2 AðpÞ for which

1� 1

b
þ 1

bp
1þ zf00ðzÞ

f0ðzÞ

� �
� uðzÞ ðz 2 UÞ: ð1:8Þ

The classes S�b;pðuÞ and Cb,p(u) were introduced and studied by

Ali et al. [3]. We note that S�1;1ðuÞ ¼ S�ðuÞ and C1,1(u) = C(u),
the classes S*(u) and C(u) were introduced and studied by Ma
and Minda [4]. The classes S*(a) and C(a) are the special cases

of S*(u) and C(u), respectively, when uðzÞ ¼ 1þð1�2aÞz
1�z

ð0 6 a < 1Þ.
For b 2 C� ¼ C n f0g; 0 6 k 6 1 and p 2 N, we let

Sk,b,p(g,u) be the subclass of AðpÞ consisting of functions f(z)
of the form (1.1), the functions g(z) of the form (1.2) with
gk > 0 and satisfying the analytic criterion:

1þ 1

b

1

p

zðf � gÞ0ðzÞ þ kz2ðf � gÞ00ðzÞ
ð1� kÞðf � gÞðzÞ þ kzðf � gÞ0ðzÞ

� 1

� �
� uðzÞ: ð1:9Þ

We note that for suitable choices of g(z), k, b, p and u(z), we
obtain the following subclasses:

(1) S0;b;pðg;uÞ ¼ S�b;p;gðuÞ (see Ali et al. [3]);
(2) S0;b;p

zp

1�z ;uðzÞ
� 	

¼ S�b;pðuÞ and S1;b;p
zp

1�z ;uðzÞ
� 	

¼ Cb;pðuÞ
(see Ali et al. [3]);

(3) S0;1;pðg;uÞ ¼ S�p;gðuÞ and S0;1;p
zp

1�z ;uðzÞ
� 	

¼ S�pðuÞ (see
Ali et al. [3]);

(4) S0;b;1
z

1�z ;uðzÞ
� 	

¼ S�bðuÞ and S1;b;1
z

1�z ;uðzÞ
� 	

¼ CbðuÞ
(see Ravichandran et al. [5]);

(5) S0;1;1
z

1�z ;uðzÞ
� 	

¼ S�ðuÞ (see Ma and Minda [4] and
Shanmugam and Sivasubramanian [6, with a = 0]);

(6) S1;1;1
z

1�z ;uðzÞ
� 	

¼ CðuÞ (see Ma and Minda [4] and
Shanmugam and Sivasubramanian [6, with a = 1]);

(7) S0; 1�c
pð Þe�ia cos a;p

zp

1�z ;
1�z
1þz


 �
¼ Saðp; cÞðjaj < p

2
; 0 6 c < pÞ

(see Patil and Thakare [7]).

Also, we note that:

(1) Sk; 1�c
pð Þe�ia cosa;p

zp

1� z
;u

� �
¼Sa

k;p;cðuÞ

¼ fðzÞ 2AðpÞ :
eia zf0 ðzÞþkz2 f00 ðzÞ

ð1�kÞfðzÞþkzf0 ðzÞ

h i
� ccosa� ipsina

ðp� cÞcosa

8<
:
�uðzÞðjaj< p

2
; 06 c< p;06 k6 1Þ

)
;

(2) S0; 1�c
pð Þe�ia cos a;p

zp

1� z
;u

� �
¼ Sa

p;cðuÞ

¼ fðzÞ 2 AðpÞ :
eia zf0 ðzÞ

fðzÞ


 �
� c cos a� ip sin a

ðp� cÞ cos a

8<
:
� uðzÞ jaj < p

2
; 0 6 c < p


 �)
;

(3) S1; 1�c
pð Þe�ia cos a;p

zp

1� z
;u

� �
¼ Ca

p;cðuÞ

¼ fðzÞ 2 AðpÞ :
eia 1þ zf00ðzÞ

f0ðzÞ


 �
� c cos a� ip sin a

ðp� cÞ cos a

8<
:

� uðzÞ jaj < p
2

; 0 6 c < p

 �)

;

(4) Sk;b;p zpþ
X1
k¼pþ1

Ck;pða1Þzk;u
 !

¼Sk;p;bða1;uÞ

¼ f2AðpÞ : 1þ1

b

1

p

zðHp;‘;mða1ÞfðzÞÞ0 þkz2ðHp;‘;mða1ÞfðzÞÞ00

ð1�kÞðHp;‘;mða1ÞfðzÞÞþkzðHp;‘;mða1ÞfðzÞÞ0
�1

� ��

� ½uðzÞ ð‘6mþ1;‘;m2N0 ¼N[f0gÞ
�

where the operator

Hp;‘;mða1ÞðzÞ ¼ zp þ
X1
k¼pþ1

Ck;pða1Þzk;

Ck;pða1Þ ¼
ða1Þk�p � � � ða‘Þk�p
ðb1Þk�p � � � ðbmÞk�p

1

ðk� pÞ! ; ð1:10Þ

a1, . . . , a‘ and b1, . . . , bm are real parameters, bj „ 0, �1, �2,
. . . ; j= 1, . . . , m, was introduced and studied by Dziok and
Srivastava [8];

(5) Sk;b;p zpþ
X1
k¼pþ1

pþ ‘þ cðk�pÞ
pþ ‘

� �m
zk;uðzÞ

 !
¼Sk;p;bðm;c; ‘;uÞ

¼ f2AðpÞ : 1þ1

b

1

p

z Imp ðc;‘ÞfðzÞ

 �0

þkz2 Imp ðc; ‘ÞfðzÞ

 �00

ð1�kÞ Imp ðc; ‘ÞfðzÞ

 �

þkz Imp ðc; ‘ÞfðzÞ

 �0 �1

2
64

3
75

8><
>:
�uðzÞðcP 0;‘P 0;m2Z;p2NÞ

)
;

where the operator

Imp ðc; ‘ÞðzÞ ¼ zp þ
X1
k¼pþ1

pþ ‘þ cðk� pÞ
pþ ‘

� �m
zk; ð1:11Þ

was introduced and studied by Prajapat [9], (see also, Catas
[10] and El-Ashwah and Aouf [11] with m 2 N0).

In this paper, we obtain the Fekete-Szegö inequalities for
functions in the class Sk,b,p(g,u).
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