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Difference operators A% and ¢, cop are

—, ” i (ot
4% A (xi) = Zio(*l)lnr((xxjigl)

o—, f— and y— duals;

In the present paper, new classes of difference sequence spaces X(I', 4%, u, p) for X € {{,
introduced by using the

fractional difference operator 4% defined by

X+, Where (u,) is a sequence satisfying certain conditions and o is a

Matrix transformations

proper fraction. In fact, the operator 4% generalizes the difference operators used in several differ-
ence sequence spaces such as X(4), X(4%), A™(X), AX(p), A" X(p), X(u; A%, X(u, A, p), X(u, 42, p)
(see [3-12,20-22]). Also, we investigate the topological structures and establish o—, f— and y— duals
of the spaces X(I', 4%, u, p). Furthermore, the matrix transformations between these spaces and the
basic sequence spaces £..(q), ¢o(¢) and ¢(q) are characterized.
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1. Introduction, preliminaries, and definitions

Let I'(m) be the Gamma function of a real number m and
m¢ {0, —1, =2, =3, ...}. By the definition, it can be expressed
as an improper integral, i.e.

I'(m) :/ et (1.1)
0
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From the Eq. (1.1), it is clear that if m € Ny, the set of nonneg-
ative integers, then I'(m + 1) = m! For this reason, Gamma
function is regarded as the generalization of elementary facto-
rial function. Now, we state some properties of Gamma func-
tion which are essential throughout the text.

(i) For any natural number m, I'(m + 1) = m!.
(ii)) For any real number m and m ¢ {0, —1, =2, =3, ...},
I'm + 1) = mI'(m).
(iii) For particular cases, we have
ra)=2,r4 =3,....

rqy=rQ =1,

Let w be the space all real valued sequences. Any subspace
of w is called a sequence space. By (., ¢ and ¢q, we denote the
spaces of all bounded, convergent and null sequences,
respectively, normed by ||x|.. = sup;l x| . Also by ¢, and ¢,
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we write the spaces of all absolutely and p-absolutely summa-
ble series, normed by >, |xx| and (3, |x« ”)W for1 < p < oo,
respectively.

Let p = (pi) be a bounded sequence of strictly positive real
numbers with M = max(1, supy px). The linear spaces ¢..(p),
co(p), ¢(p) and £(p) defined by Maddox [1,2] are as follows:

Loo(p) = {x = (xx) € w: sup|x; ™" < o0},
k
CO(p) = {x = (xk) Ew: ]}imlxk‘pk — 0},

cp)={x=(xx) ew: l}im |x; — | =0, for some / € C}

and

Lp)={x=(x;)ew: Z\xd”’ < 00}
7

These are complete spaces paranormed by

hy(x) = suplx["/* if and only if irA)fpk > 0 and hy(x)
p :

/M
= <Z|xk pk) respectively.
k

Let A = (a,x) be an infinite matrix of real numbers «,;, where
n,k € Ny. For the sequence spaces X and Y we write a matrix
mapping 4: X — Y defined by

(Ax), = Zankxk, (n € Ny). (1.2)
3

For every x = (x;) € X, we call Ax as the A-transform of x if
the series >, axx converges for each n € Ny. By (X,Y), we de-
note the class of all infinite matrices 4 such that 4: X — Y.
Thus, 4 € (X,Y) if and only if the series in (1.2) converges
for each n € N,.

By bs and cs, we write the spaces of all bounded and con-
vergent series, respectively. Now with the help of matrix trans-
formations, define the set S(X, Y) by

S(X,Y) ={z=(z«) : xz= (xxz) € Y for all x € X}. (1.3)

With the notation of (1.3), we redefine the «—, f— and y—
duals of a sequence space X, respectively, as follows:

X*=S(X,6), X’ =S(X,cs)and X' = S(X, bs).

2. The sequence spaces X(I', 4%, u, p) for X € {£.., ¢, co}

In this section, we define the classes of new sequence spaces
Loy A%, u, p), (I, A%, u, p) and co(T", A%, u, p) by using the
difference operator A*. We also obtain certain results concern-
ing their generalizations of other difference operators as well as
their linear and topological properties.

Let U be the set of all sequences u = (u,) such that u, #0
for all n € Ny. For u € U, let 1/u = (1/u,). For a proper frac-
tion o and X € {{.., ¢, ¢}, we define the sequence spaces
XTI, 4%, u, p) by

X(I, 4, u,p) = {X =(xx) €Ewry = (ZM/A7X/> € X(p)},

(2.1)

where A%x; is defined as follows:

#() = () gt D

A Gy N, 22
T —it 1) 7" (22)

=l
In particular, one can observe that
1
A 1 1 1 5 7
o Ax; =x; — 3Xk+1 — g Xk+2 — 76 Xk+3 T Tog Xk+4 — 356 Xk+5—
2L
1024 k+6
1
T 1 3 5 35 63
o A7Ixp =X +5Xkp1 X2 T X3 T g Xkd T ase Xerst
DLy
1024 k+6
1

1
o Mxp =X — X441
154

1 5 10 22
T 9 Xk+2 T g1 Xk+3 T 243 Xk+4 — TagXk+5

@XHG +-
i _ 2 1 4 7 14
o ;= Xp — §Xpa1 — gXk2 — g1 ¥k+3 — 343 Xkt4 — 739 Xk4S—
O e e
6561 k+6
Lo 1 5 55 935 21505
o Aoxp = X — Xkt — 33%k02 ~ Toog Y43 T 31108 k4 T 933120
Xjgs + -0

Throughout the text, we assume that the series defined in
(2.2) is convergent for all x € X. Moreover, if « = m, a positive
integer, then the infinite sum defined in (2.2) reduces to a finite

. m i I'(m+1)
sum, 1.€., Z[:O(_l) mxH,,

A7(x) = 25 (1) s e

In fact, this operator generalizes several difference opera-
tors introduced by Kizmaz [3], Et [4], Et and Colak [5], Ahmad
and Mursaleen [6], Et and Basarir [7] and many others (see [8—
19]). Again under the suitable conditions, new classes defined
in (2.1) generalize many known spaces defined by Mursaleen
[20], Asma and Colak [21], Bektas [22], Baliarsingh [23] and
others (see [24-28]).

Now using notation (1.2), define the sequence y = (yx),
which can be frequently used as the I'(4, o, u)-transform of
a sequence x = (xy), where I'(4, o, u) = (%) is an infinite ma-
trix and

Subsequently, for « > 0,

00

i I(a+l)
Z(_ D) Tz Ui

T =\ =
0, (k <n).

(k= n), (2.3)

Throughout the text, we use the convention that any term with
negative subscript is equal to zero.

Now, we give some interesting results of these spaces con-
cerning their topological structures. In order to avoid the rep-
etition of the similar statements, we give the proof of only one
from these three spaces. The proofs of other spaces may be ob-
tained by using similar arguments.

Theorem 1. The sequence spaces X(T', A%, u, p) for X € {{, ¢,
co} are linear metric spaces paranormed by g, defined by

P/ M

k
a
> wAx;

J=0

¢(x) = sup (24)

k

Proof. We prove the theorem for the space £o(I', 4%, u, p). It is
clear that g(0) = 0 and g(—x) = g(x) for all x € £(I', 4%, u,
p). For linearity of ¢.(I', A%, u, p) with respect to coordinate
wise addition and scalar multiplication, we take any two
sequences s, ¢ € £oo(I', A%, u, p) and scalars o, B € R. Since
the operator 4* is linear and by Maddox [29], we obtain that
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