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Two new forms of half-discrete Hilbert inequality
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Abstract In this paper, we introduce two new forms of the half-discrete Hilbert inequality. The

first form is a sharper form of the half-discrete Hilbert inequality and is related to Hardy inequality.

In the second one, we give a differential form of this inequality.
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1. Introduction

If fðxÞ; gðyÞ > 0; 0 <
R1
0

fpðxÞdx <1, and 0 <
R1
0

gqðyÞ
dy <1, then the Hardy-Hilbert’s inequality may be written asZ 1
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ð1:1Þ

where the constant p
sinðppÞ

is the best possible [1].
Recently, many generalizations of (1.1) were given. Yang

et al. [2] obtained the following extension of (1.1) asZ 1
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where k > 0 and the constant B k
p
; k
q

� �
(the Beta function) is the

best possible. The following general inequality was given in [3]Z 1
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where kðpA2Þ ¼
R1
0

Kð1; tÞt�pA2 is the best possible constant,

K(x, y) P 0 is a homogeneous function of degree �kðk > 0Þ;
A1 2 1�k

q
; 1
q

� �
; A2 2 1�k

p
; 1
p

� �
and pA2 + qA1 = 2 � k. In [4]

the following two new forms of (1.1) were proved:
For f, g> 0, f, g 2 L(0, 1), define FðxÞ ¼

R x

0
fðuÞdu and

GðxÞ ¼
R x

0
gðuÞdu, then for k > 0Z 1
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: ð1:3Þ

For k > n max(p, q), n = 0, 1, . . ., and assuming that f, g

satisfy the conditions of Lemma 2.1 (see Section 2.2), then:

* Tel.: +962 799095626.

E-mail address: azar1@aabu.edu.jo.

Peer review under responsibility of Egyptian Mathematical Society.

Production and hosting by Elsevier

Journal of the Egyptian Mathematical Society (2014) 22, 254–257

Egyptian Mathematical Society

Journal of the Egyptian Mathematical Society

www.etms-eg.org
www.elsevier.com/locate/joems

1110-256X ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

http://dx.doi.org/10.1016/j.joems.2013.06.014

Open access under CC BY-NC-ND license.

Open access under CC BY-NC-ND license.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2013.06.014&domain=pdf
mailto:azar1@aabu.edu.jo
http://dx.doi.org/10.1016/j.joems.2013.06.014
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2013.06.014
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Z 1

0

Z 1

0

fðxÞgðyÞ
xþyð Þk

dxdy6
C k

p
�n

� �
C k

q
�n

� �
CðkÞ

�
Z 1

0

xpðnþ1Þ�k�1ðfðnÞðxÞÞpdx
� �1

p

�
Z 1

0

yqðnþ1Þ�k�1ðgðnÞðyÞÞqdy
� �1

q

; ð1:4Þ

where the constant factors in both (1.3) and (1.4) are the best

possible.
Refinements of some Hilbert-type inequalities by virtue of

various methods are obtained in [5–7]. A survey of some recent

results concerning Hilbert and Hilbert-type inequalities can be
found in [8].

In [9] Yang introduced the following half-discrete Hilbert’s
inequalityZ 1

0

fðxÞ
X1
n¼1

an

ðxþ nÞk
dx < Bðk1; k2Þ

Z 1

0

xpð1�k1Þ�1fpðxÞdx
� �1

p

�
X1
n¼1

nqð1�k2Þ�1aqn

 !1
q

; ð1:5Þ

here, k1, k2 > 0, k1 + k2 = k, 0 < k1 < 1, and the constant

B(k1, k2) is the best possible. In particular if we set
k1 ¼ k

p
; k2 ¼ k

q
, we get from (1.5)Z 1
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For extensions and other half-discrete Hilbert’s inequalities see
for example [10,11].

If p> 1, f(x) > 0, and FðxÞ ¼
R x

0
fðtÞdt, then the famous

Hardy inequality [1] is given asZ 1

0
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the constant p
p�1

� �p
is the best possible. A weighted form of

(1.3) is given also by Hardy [1] asZ 1

0

xa FðxÞ
x
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dx <
p

p� 1� a

� �p Z 1

0
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where a < p � 1 and the constant p
p�1�a

� �p
is the best possible.

Inequality (1.7) was discovered by Hardy while he was trying
to introduce a simple proof of Hilbert inequality. For more
information about inequalities (1.7), (1.8) and their history
and development, we refer the reader to the papers [12,13].

In this paper by estimating
R1
0

fðxÞ
P1

n¼1
an

ðxþnÞk dx, we intro-
duce two new inequalities with a best constant factor, similar
to (1.3) and (1.4), the first one contained in Theorem 3.1 gives

a relation between Hardy inequality and half-discrete Hilbert
inequality, the second inequality contained in Theorem 3.2
gives a differential form of half-discrete Hilbert inequality.

2. Preliminaries and Lemmas

Recall that the Gamma function C(h) and the Beta function

B(l, m) are defined, respectively, by

CðhÞ ¼
Z 1

0

th�1e�tdt; h > 0;

Bðl; mÞ ¼
Z 1
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By the definition of the Gamma function, the following
equality holds

1
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We will need the following three Lemmas (Lemmas 2.1 and
2.2 are given in [4]):

Lemma 2.1. Let r> 1; 1
rþ 1

s ¼ 1; u> 0; u 2 Lð0;1Þ; UðxÞ ¼R x
0 uðuÞdu, then for t, a > 0 we have
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:

Lemma 2.2. Let r > 1; 1
r
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s
¼ 1; u > 0, the derivatives u0, u00,

. . ., u(k) exists and positive and u(k) 2 L(0, 1)(k = 0, 1, . . .)
(u(0):¼u), moreover, suppose that u(0) = u0(0) = � � �= u
(k�1)(0) = 0, then for t, a > 0 we have
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Proof. Using Hölder’s inequality, we get
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3. Main results

In this section, we introduce the main two results in this paper.
Theorem 3.1 gives a new form of the half-discrete Hilbert
inequality (1.6) which is related to the famous Hardy inequal-

ity. In Theorem 3.2, we introduce another new form of the
half-discrete Hilbert inequality, namely a differential form
which is an extension of (1.6). Both of the obtained inequalities

are with a best constant factor.
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