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a b s t r a c t

Rigorous dimensionless analysis and analytical solution of mass transfer equation (punctual and space
averaged) governing the solid-liquid extraction dynamic were performed. Analytical solutions result in
continuous and analytical maps between solute mass fractions in extract with respect to time which
were used both for solute diffusivity estimation and process modeling. In order to validate the models,
experimental extraction at equilibrium of 1 cm long vanilla beans pieces were obtained at 0.1, 0.2, 0.3 and
0.4 g vanilla/mL solvent (60% w/w ethanol-water) and 30, 40 and 50 �C; and extraction kinetics were
developed at 0.1 g/mL and 30, 40 and 50 �C. Apparent equilibrium constant and solute effective diffu-
sivity estimation were performed by linear regression on experimental results. Apparent equilibrium
constant was 0.86, and diffusivities were 1.22, 1.98, and 2.43 � 10�11 m2/s at 30, 40 and 50 �C respec-
tively. Diffusivities and analytical solutions predicted the experimental results at 30 and 50 �C with 0.3,
and 0.4 g/mL respectively.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Solid-liquid extraction operation has recently returned to in-
terest due to the extraction of bioactive compounds from natural
sources (Cacace andMazza, 2003; Pinelo et al., 2006; Spigno and De
Faveri, 2007; Amendola et al., 2010; Linares et al., 2010) and
therefore the mechanistic (mass transfer based) mathematical
modeling of the process has been revised. Mass transfer during
solid-liquid extraction may be conceptualized as solute diffusion in
a media (underflow) contacting a well-stirred solution of finite
volume (extract). The analytical solution to this problem in the
diffusion media was reported by Crank (1975) for negligible inter-
facial resistance and by Mikhailov (1977) for a general case. In both
cases, the solution for concentration in the well-stirred finite vol-
ume solution was not explicitly solved, and the volume of both
phases was assumed as constant during process. Independently of
the reported analytical solutions (Crank, 1975; Mikhailov, 1977), it
has been a common practice the use of empirical models to
describe the concentration kinetic of extractable solutes in extract

during solid-liquid extraction (Simeonov et al., 1999; Amendola
et al., 2010; Linares et al., 2010; Rakotondramasy-Rabesiaka et al.,
2010; Chilev et al., 2014); and, the extractable solutes effective
diffusivity has been estimated by different methods: with the
concentration at a punctual given time (Seikova et al., 2004;
Rakotondramasy-Rabesiaka et al., 2010) which is not convenient
because the experimental error is only the punctual error obtained
at one time of the whole kinetic; by regression fit of the analytical
solutions of diffusion equation considering infinite volume of sol-
vent (Pinelo et al., 2006; Franco et al., 2007); by non-linear
regression directly of differential equations (Garcia-Perez et al.,
2010); or by an equation valid at very short times (t < 0.0189)
(Cacace and Mazza, 2003). An alternative approach, for solid-liquid
extraction modeling and/or effective diffusivity estimation, has
been the use of mechanistic models supported in macroscopic
(averaged) mass transfer equations (Veloso et al., 2005; Espinoza-
P�erez et al., 2007; Rodríguez-Jimenes et al., 2013). Espinoza-P�erez
et al. (2007) deduced an analytical solution of averaged mass
transfer equations, and Rodríguez-Jimenes et al. (2013) applied this
solution during vanilla solid-liquid extraction for the estimation of
aromatic compound effective diffusivity in underflow by non-linear
regression.* Corresponding author.
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Considering the different point of views of solid-liquid extrac-
tion kinetic modeling and diffusivity estimation, it is necessary a
unifiedmodel that represents the process with a theoretical basis. A
unified model must be deduced from fundamental principles of
mass transfer and thermodynamics, and it must have the property
of predict the phenomenon at different conditions than those used
to estimate the mass transfer properties. Therefore, in this paper a
deep analysis of mass transfer equation governing the process dy-
namic is presented. It was declared as dynamic, because the mass
transfer equations (local or space-averaged) represent the solid-
liquid extraction kinetics in terms of driven forces. The analysis
was performed for both, local and space-averaged equations and
included dimensionless analysis, analytical solution and experi-
mental validation. Obtained analytical solutions are continuous and
analytical maps that relate extractable solutes mass fraction in both
phases (extract and underflow) with the process time. These maps
were used for the extractable solute effective diffusivity estimation
during vanilla solid-liquid extraction and for the prediction of
experimental extraction kinetics in the same system at different
product/solvent ratios.

2. Model development

2.1. Punctual model

Solid-liquid extraction involves the diffusion of extractable
material in media (underflow) contacting with a finite volume of a
well-stirred solution (extract). The extractable material diffusion
within underflow in a general coordinate system is represented by,

v
�
rbxb

�
vt

¼ DbV$V
�
rbxb

�
in V b (1)

The mass transfer at underflow-extract interface in a general
coordinate system is given by,

�n$DbV
�
rbxbi

�
¼ kcrg

�
xgi � xg

�
in Abg (2)

In which the extractable material must be in phase equilibrium
that may be represented by Nernst's law,

xgi ¼ Keqxbi (3)

Alternatively the phase equilibrium could be represented by a
more complex relationship, as the Langmuir relation. However,
Nernst's law has been universally assumed (Crank, 1975; Mikhailov,
1977; Seikova et al., 2004; Cacace and Mazza, 2003; Veloso et al.,
2005; Chilev et al., 2014) when the analytical solution of mass
transfer equations are required. Finally, the mass balance of
extractable material in extract is,

d
�
V grgxg

�
dt

¼ kcrgAbg

�
xgi � xg

�
in V g (4)

The transfer surface (Abg) in terms of underflow volume (V b) is,

Abg ¼ nV b

l
(5)

Particular forms of Eq. (5) are: an infinite flat slab with mass
transfer in both sides with l half-thickness and n ¼ 1; an infinite
cylinder with radius l and n ¼ 2; and a sphere with radius l and
n ¼ 3. The solution volume (V g) and medium volume (V b) can be
represented as a fraction of total system volume (V ¼ V g þ V b), and
therefore,

V g ¼ εV and V b ¼ ð1� εÞV (6)

The total mass balance of the whole system
(underflowþ extract) between initial and equilibrium states results
in,

mg0xg0 �mgexge
mb0xb0 �mbexbe

¼ �1 (7)

where underflow and extract masses in terms of their volume are,

mg ¼ rgV g mb ¼ rbV b (8)

It is important to note that Eq. (7) considers that initial under-
flow (mb0: feed) mass and initial extract (mg0: solvent) mass may be
different of final underflow (mbe: at equilibrium) mass and final
extract (mge: at equilibrium) mass respectively, as expected in any
solid-liquid extraction system due to the solution retained by inert

Nomenclature

A Transfer surface m2

D Effective diffusivity m2$s�1

kc Mass transfer coefficient m$s�1

Keq Apparent distribution constant kg$kg�1

l Characteristic length m
m Mass kg
n Geometric factor Dimensionless
n Unit vector normal to transfer surface Dimensionless
t Time s
V Volume m3

x Solute mass fraction kg$kg�1

〈4〉 Any variable 4 volume averaged
z Rectangular coordinate m

Greek symbols
d Extraction kinetic slope s�1

ε System porosity m3$m�3

f Factor depending of underflow shape Dimensionless
ln Eigenvalues (Eq. (35)) Dimensionless
r Density kg$m�3

Subscripts
e At equilibrium
n Number of eigenvalue
i At interface
b In the underflow
g In the extract

Dimensionless groups
Bi Mass Biot number
a Mass relation
J Reduced mass fraction
t Dimensionless time (Fourier number)
x Dimensionless coordinate

V
�

A linear map of gradient operator
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