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a b s t r a c t

This paper presents a plasticity constitutive formulation for actively and passively confined concrete. The
loading surface is based on Menetrey and Willam’s model with an additional frictional driver parameter.
The frictional driver parameter controls the prediction of the peak stress and the residual stress level. The
proposed flow rule has a plastic dilation rate control parameter which is a function of the restraining
device or the local lateral modulus. A non-constant plastic dilation rate formulation is proposed to
improve the prediction of the lateral strain behaviour of concrete. The proposed plastic dilation rate for-
mulation is able to model plastic volumetric compaction caused by the use of very stiff confining devices,
as well as the initial plastic compaction after the onset of localized cracking. Furthermore, the formula-
tion is able to distinguish between active and passive confinement by monitoring the local lateral mod-
ulus. The accuracy of the proposed plastic dilation rate formulation is verified by comparison with
experimental results for specimens subjected to either active or passive confinement from a variety of
concrete strengths. The comparison between the proposed plasticity model and the experimental results
for concrete under passive confinement (specimens with FRP confining material) was excellent.

Crown Copyright � 2016 Published by Elsevier Ltd. All rights reserved.

1. Introduction

Concrete is a quasi-brittle material whose strength and ductility
can be greatly enhanced when subjected to sufficient amounts of
confinement. To understand the behaviour of concrete under con-
finement, experimental testing using a triaxial cell with constant
confining pressure (active confinement) have been carried out by
many researchers. These studies have been used to develop consti-
tutive models for concrete under confinement and then used to
predict the capacity of reinforced concrete (RC) members. How-
ever, for RC members under compression, the state of confinement
is not equivalent to a state of active confinement (constant pres-
sure) until the steel ties are at yield. When the steel ties are not
at yield, the confinement is proportional to the stiffness of the steel
ties and the confinement is called passive. Hence, for reinforced
concrete columns with steel ties, there can be two states of con-
finement during loading; passive when the ties are elastic and
active when the ties are at yield. When other restraining material
such as FRP are used to confine the concrete, the confinement con-
dition is passive while the FRP remains intact and elastic.

The behaviour of concrete under active and passive confine-
ment has different characteristics. A constitutive model that has

been calibrated using experimental results under active confine-
ment tends to overestimate the response prediction for concrete
under passive confinement (especially if high stiffness confining
material is used). Pantazopoulou and Mills [1] found that the beha-
viour of concrete was greatly affected by the restraint conditions.
Furthermore, under passive confinement, the restraint imposed
by the lateral devices affects the behaviour of the concrete [2,3].
Hence, to be able to predict the response of concrete under both
active and passive confinement, a constitutive model that consid-
ers all the parameters that affect the behaviour of concrete is
required. There are many constitutive models in the literature that
are able to model both active or passive confinement. However,
these constitutive models have different approaches in handling
the restraint from the lateral confining device. These approaches
can be divided into three categories; the first involves adjusting
the failure surface obtained from actively confined concrete so it
can be used for passively confined concrete; the second method
involves adjusting the effective confining pressure and the third
method involves adjusting the lateral strain response used to
calculate the confining pressure.

Previous study on the peak failure surface of concrete under
proportional loading conducted by lmran and Pantazopoulou [4]
showed that the peak stress was not affected by the pattern of
the applied confining pressure. Thus, it can be concluded that it
is not necessary to adjust the failure surface at the peak stress
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obtained from actively confined concrete when used to predict the
peak stress of passively confined concrete. The confining pressure
under passive confinement for circular sections can be accurately
estimated using the compatibility of the lateral dilation of the con-
crete core with the external confining device. The confining pres-
sure estimated is thus reasonably accurate and therefore it
would make no sense adjusting the confining pressure to achieve
better predictions for passive confinement. For this study, the
authors have used the third approach where the lateral confining
pressure is best-determined using compatibility conditions and a
good lateral strain model for concrete.

In this research, a plasticity based constitutive model is used.
The total strains are decomposed into elastic and plastic parts. This
allows the lateral strain model to be formulated as a function of the
plastic dilation rate. The plastic dilation rate can be defined as the
ratio of the incremental plastic principal lateral to axial strains. By
knowing the plastic dilation rate, the rate of the plastic volumetric
strain can be calculated. It is well known that under active confine-
ment, when very high confining pressure is applied, the rate of the
plastic volumetric strain is almost zero with no plastic volumetric
compaction [5]. Furthermore, the plastic dilation rate asymptotes
to approximately �0.5 for very high confinement (constant plastic
volume change). However, under passive confinement with very
stiff restraining devices, concrete can exhibit plastic volumetric
compaction due to the collapse of the pore structures [6–8]. This
plastic core compaction is identified when the value of the plastic
volumetric compaction is less than zero ðepv < 0Þ. To achieve such
condition, the value of the plastic dilation rate must be greater
than �0.5. Subsequently, constitutive models based on experi-
ments under active confinement will overestimate the peak
strength of concrete under passive confinement. This is simply
because the plastic dilation rate under active confinement is larger
than the plastic dilation rate under passive confinement with very
stiff restraining devices.

In this paper, a detailed study of the plastic dilation rate under
passive confinement is presented. A study of the plastic dilation
rate for active confinement has been carried out by the authors

[5,9]. The proposed plastic dilation rate formulation is calibrated
using experimental results from FRP wrapped concrete. The plastic
dilation rate formulation is implemented into the flow rule
proposed by Piscesa and Attard [9] which is able to incorporate
constant and non-constant plastic dilation rate. In this paper, a
non-constant plastic dilation rate is considered. There are two
major contributions: Firstly, after the onset of localized cracking,
the initial plastic compaction can be successfully modelled. This
improvement addresses the limitation of some previous models
developed by Papanikolaou and Kappos [10] and Červenka and
Papanikolaou [11]. Secondly, plastic volumetric compaction is suc-
cessfully implemented by introducing a lateral modulus ðELÞ
parameter into the plastic dilation rate formulation. With such fea-
tures, the formulation is able to distinguish between active and
passive confinement by observing the rate of the incremental
stresses (in principle strain directions) divided by the rate of prin-
cipal incremental strains.

A brief review of existing constitutive models for confined con-
crete including both empirical and plasticity formulations are pre-
sented. The empirical models considered are: the model of Samani
and Attard [5]; Dong and Kwan [3]; Cui and Sheikh [12]; Lim and
Ozbakkaloglu [2] and Teng and Huang [13]. The plasticity models
considered are those of Papanikolaou and Kappos [10]; Bao and
Long [14] and Piscesa and Attard [9].

The formulation of Piscesa and Attard [9] is then extended by
incorporating a non-constant plastic dilation rate using a lateral
modulus parameter related to the lateral stiffness of the confining
environment. The plastic dilation rate is integrated into the plastic
flow rule. The procedures for obtaining numerical incremental
solutions using either the empirical or the plasticity models are
then described and used to generate the stress-strain behaviour
of confined concrete. The various models and the proposed formu-
lation are compared with the selected experimental results. The
performance of each model is accessed by looking at the stress-
strain response, the volumetric strain, secant dilation ratio peak
stress prediction and the plastic dilation rate for both active and
passive confinement problems.

Nomenclature

A, B coefficient of plastic potential that calibrated in uniax-
ial/ triaxial and biaxial condition

a1 parameter of axial stress in residual stress
a frictional driver parameter
apeak;ares frictional driver parameter that controlling the peak and

residual stress
dk plastic multiplier
e eccentricity of roundness in yielding function
epv ; e

p
vi plastic volumetric strain at specific time step and at

inflection point
eev;peak; e

p
v;peak elastic and plastic volumetric strain at peak uniax-
ial/triaxial compression

e3u peak axial strain at uniaxial state
ep3u; e

p
1u peak axial and lateral plastic strain at uniaxial state

e3c peak axial strain at triaxial state
ep3c; e

p
1c peak axial and lateral plastic strain at triaxial state

ee3c; e
e
1c peak axial and lateral elastic strain at triaxial state

e1b peak lateral strain biaxial state
ep3b; e

p
1b peak axial and lateral plastic strain at biaxial state

Ea; Eb parameter of ascending hardening function
Dijkl elastic tensor defined in term of elastic modulus ðEcÞ

and poisson ratio ðmcÞ
f ðq; n; hÞ yielding function

f c; f t concrete compressive and tensile strength (MPa)
f cc; f res peak axial and residual stress under certain amount of

lateral pressure (MPa)
f r confinement pressure or lateral pressure (MPa)
g; _g ¼ @g

@r plastic potential function and it first derivatives with re-
spect to stress

k ratio that defined the non-dimensional plastic volumet-
ric incremental

k1; k2; k3 parameter of peak and residual stress function
m frictional parameter
mn

ij derivative of plastic potential (flow rule) with stress in
specific time step

w1;w2 inclination of plastic potential in uniaxial/triaxial and
biaxial case

n; np hydrostatic length and its plastic part
q;qp deviatoric length and its plastic part
q1;q2 deviatoric length in uniaxial/triaxial and biaxial case
rðh; eÞ elliptic function as the function of lode angle ðhÞ and

eccentricity of roundness
rt
ij;r

n
ij elastic stress predictor and corrected stress at step-n

(MPa)
qh; qs hardening and softening parameter
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