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a b s t r a c t

In this paper, we consider the robust partial quadratic eigenvalue assignment problem in
vibration by active feedback control. Based on the receptance measurements and the
system matrices, we propose an optimization method for the robust and minimum norm
partial quadratic eigenvalue assignment problem. We provide a new cost function and the
closed-loop eigenvalue sensitivity and the feedback norms can be minimized simulta-
neously. Our method is also extended to the case of time delay between measurements of
state and actuation of control. Numerical tests demonstrate the effectiveness of our
method.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The dynamics of vibrating structures modeled by systems of matrix second-order differential equations of the form:

M €xðtÞþC _xðtÞþKxðtÞ ¼ fðtÞ (1)

are governed by the eigenvalues and eigenvectors of the associated quadratic matrix pencil [46]

PðλÞ � λ2MþλCþK;

where the real n� n matrices M, C, K are mass, damping and stiffness matrices respectively. The eigenvalues are related to
the natural frequencies and the eigenvectors are just the mode shapes [3,5,23,26].

When a natural frequency becomes equal or close to the external frequency of force fðtÞ, the structure is subjected to
dangerous vibration due to the resonance.

Though passive damping technique is economic and thus widely used in practice, it has severe practical limitations. On
the other hand, the Active Vibration Control (AVC) technique is more scientific in nature and large complex structures such
as high-rise buildings and bridges in several countries have been built based on this technique.
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The most important and difficult aspect of implementation of AVC technique is to effectively compute two feedback
matrices, such that a small number of resonant eigenvalues are eliminated from the structure leaving other large number of
eigenvalues and eigenvectors unchanged.

Let fλi; xig2ni ¼ 1 be the 2n eigenvalues and eigenvectors of the pencil PðλÞ and

fðtÞ ¼ BuðtÞ; uðtÞ ¼ FT _xðtÞþGTxðtÞ; (2)

where B is a given real n-by-m control matrix, uðtÞ is the associated control m-vector, and the real n-by-m matrices F and G
are called feedback matrices. Then the problem is to construct the feedback matrices F and G such that the spectrum of the
closed-loop pencil

PcðλÞ � λ2MþλðC�BFT ÞþðK�BGT Þ
is fμ1;…;μp; λpþ1;…; λ2ng, where μ1;…;μp ðp52nÞ are the set of suitably chosen numbers that replace the resonant
eigenvalues λ1;…; λp. In addition, the eigenvectors xpþ1;…; x2n corresponding to the no spill-over eigenvalues λpþ1;…; λ2n
are required to remain unchanged.

The problem of finding F and G this way is known as the Partial Quadratic Eigenvalue Assignment Problem (PQEAP). We
note that since the mass matrix M is not updated and is assumed to be symmetric and positive definite, the closed-loop
eigenvalues of PcðλÞ are all finite (see [14, Section 11.9]).

A practical challenge is to solve the problem in second-order setting itself without transforming it to a standard first-
order control problem and to solve it using only a small amount of eigenvalues and eigenvectors that can be computed or
measured in practice. Furthermore, the aspect of no spill-over must be established by means of mathematical theory. Such
direct solution approach was first proposed in 1997 by Datta et al. [15] for the single-input case. Since then, a large
number of papers have been published both for the single-input and the multi-input solution of the PQEAP. See for
instance [10,16–19,37].

Furthermore, practical aspects of minimizing feedback norms and robust stabilization have been considered and solved
using techniques of numerical optimization (e.g., [2,6,7,9,11,13,27–29,36]). The solution methods in these works were based
on the knowledge of system matricesM, C, and K, but did not take advantage of the receptances, which are freely available in
practice by measurements.

Recently, the measured receptances have been used in AVC (e.g., [31–33,38,39,42–45]). Hybrid approaches, combining
both system matrices and receptances, however, have been developed in the last few years only for the single-input PQEAP,
the multi-input PQEAP, or the feedback norm minimization [1,40].

In this paper, we propose an optimization-based hybrid approach for simultaneous norm- minimization and robustness
of the closed-loop system. Mathematically, the robustness problem is to construct F and G in such a way that the condition
number of the closed-loop eigenvalue is minimized. We then extend our solution technique to the time-delay system.

The main contributions of the paper are as follows:
A new optimization algorithm is proposed for simultaneous minimization of the feedback norms and the condition

number of the closed-loop system of the PQEAP arising in AVC, both for time-invariant and time-delay systems.

(i) The algorithm is direct in the sense that it does not require transformation in the standard first-order system.
(ii) It is implementable using any small numbers of frequencies and mode shapes that are measurable at a vibration

laboratory or computable using state-of-the-art computational techniques.
(iii) It uses knowledge of both the system matrices and the receptances, which are readily available by measurements.
(iv) It can exploit the inherent physical structures of the problem, such as, the symmetry, positive definiteness, and sparsity

of the matrices M, C, and K, which are often assets for large-scale computations.

We provide illustrative numerical examples to demonstrate the effectiveness of the proposed algorithms and compar-
isons are made with the existing algorithms whenever appropriate.

The results of comparisons show that the hybrid algorithms, combining the knowledge of both system matrices and the
measured receptances, were better in almost all cases considered.

2. Preliminaries

In what follows, we assume that M, C and K are real symmetric with M being positive definite. Let I be the identity matrix
of appropriate dimension. Suppose that fμ1;…;μpg \ fλ1;…; λ2ng ¼∅ and fλ1;…; λpg \ fλpþ1;…; λ2ng ¼∅. The control matrix
B has full column rank, and ðPðλÞ;BÞ is partially controllable with respect to the eigenvalues λ1;…;λp, i.e.,

ðPðλiÞ;BÞ ¼ n; i¼ 1;…; p:

Let

Λ1 ¼ diagðλ1;…;λpÞ; Λ2 ¼ diagðλpþ1;…; λ2nÞ
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