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a b s t r a c t

The Hasofer-Lind and Rakwitz-Fiessler (HL-RF) algorithm is widely used for structural reliability analysis
in first-order moment method (FORM). However, it meets non-convergence problem including generat-
ing periodic and chaotic solutions for highly nonlinear limit state function. In this paper, relaxed HL-RF
(RHL-RF) is developed based on a relaxed factor, which is dynamically computed by the second-order
interpolation between zero and one. A hybrid relaxed HL-RF (HRHL-RF) method is proposed, in which
the HL-RF and RHL-RF are adaptively implemented by using an angle criterion to improve the robustness
and efficiency of FORM formula. The angle condition is simply calculated based on the results from the
new and previous points. Finally, the performances in terms of robustness and efficiency of the HRHL-
RF are compared with several existing FORM methods through five mathematical and structural exam-
ples. The results indicate that HRHL-RF method is more robust than the HL-RF and more efficient than
other existing methods.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Engineering problems inherently involve various uncertainties
including material properties, external loads and geometrical
dimensions. Therefore, the structural reliability methods provide
a powerful tool to handle these uncertainties based on the limit
state function (LSF) or performance function [1,2]. The main effort
in structural reliability analysis is to approximate the probability of
failure by solving the following integration [3]:

P½gðXÞ 6 0� ¼
Z
gðXÞ60

. . .

Z
f XðXÞdX � Uð�bÞ ð1Þ

where Pf is the structural failure probability, gðXÞ is the LSF in X-
space. When gðXÞ 6 0, it denotes the sample point X is located at
failure region. f XðXÞ is the joint probability density function for
the random variables X. U is the standard normal cumulative distri-
bution function with respective to reliability index b. When high

nonlinear limit state function with several random variables is
involved, a general solution of above integration is difficultly
obtained or is usually unavailable [3,1]. To address this issue, sev-
eral reliability methods were developed to estimate the failure
probability based on probabilistic model such as Monte Carlo sim-
ulation (MCS) [4], the first-order reliability method (FORM) [5–8]
and second-order reliability method (SORM) [9]. The MCS is an
accurate method but computationally unaffordable for real engi-
neering problems. The FORM is a widely used approximate analyt-
ical method, because it makes a good balance between accuracy and
efficiency in realistic engineering reliability analysis. In FORM,
structural failure probability is estimated based on the reliability
index (b) i.e. Pf � Uð�bÞ. U� is the most probable point (MPP),
which is the minimum distance point on the limit state surface
(gðU�Þ ¼ 0) to the origin in the standard normal space as [10,2]:

Find U�

min ðUTUÞ
S:t gðUÞ ¼ 0

ð2Þ

The Hasofer-Lind and Rakwitz-Fiessler method (HL-RF) formula
are commonly applied to evaluate the probabilistic model using
FORM, but it may provide unstable results including periodic and
chaotic solutions for highly nonlinear problems [11–14]. To
improve the stability of the HL-RF method, various attempts can
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be found in the literatures. Liu and Der Kiureghian [15] proposed
the improved HL-RF (IHL-RF) through a merit function to overcome
the non-convergence problem of the HL-RF method. Wang et al.
[16] improved the HL-RF method based on the intervening vari-
ables and used the adaptive nonlinear two-point approximation
of the limit state function. Santosh et al. [17] employed the Armijo
rules to improve the HL-RF method. Yang [12] suggested the chaos
control (CC) method to improve robustness of FORM. Gong and Yi
[18] constructed a finite-step length (FSL) algorithm for MPP
search.

Recently, Meng et al. [19,20] proposed modified CC (MCC)
method based on a directional steepest descent search direction
to improve the efficiency of CC method. The MCC is more efficient
than the CC but is computationally inefficient for convex perfor-
mance functions [21]. In the study of Keshtegar [22], the conjugate
search direction with chaotic control factor was constructed to
improve the robustness and efficiency of FORM. Keshtegar
[8,14,23] further adopted sufficient descent criterion and Armijo
rule to enhance the robustness of the conjugate FORM formulas.
Generally, the improved versions of FORM, such as IHL-RF, CC,
FSL and MCCmethods, requires more number of function calls than
the HL-RF for moderate nonlinear performance functions, because
the step size/control factor is less than 1 among them. Therefore,
the main challenge of a stable FORM formula is to obtain the
MPP with less computational demand. The step size/control factor
is the key for these improved FORM formula, which determines the
stable convergence and efficiency of the reliability analysis
process.

In this paper, a novel algorithm of FORM is proposed to improve
the efficiency and robustness of MPP search method based on
relaxed approach. The proposed relaxed method is established
based on the results of the HL-RF at new iteration and the relaxed
approach at previous iteration. A relaxed factor is formulated by
using second-order interpolation to enhance the robustness of
relaxed HL-RF (RHL-RF). To ensure the efficiency of RHL-RF, a
hybrid iterative algorithm is presented by combing the merits of
HL-RF and RHL-RF with an angle condition. The proposed hybrid
relaxed HL-RF (HRHL-RF) is compared with the HL-RF, IHL-RF,
CC, FSL, conjugate HL-RF (CHL-RF) and MCC methods by several
mathematical and structural reliability examples.

2. The HL-RF iterative algorithm

Hasofer and Lind [5] method is well-known in the structural
reliability analysis. Rackwitz and Fiessler [6] extended the Hasofer
and Lind algorithm to approximate the failure probability. For

brevity, this algorithm is denoted herein as the HL-RF. The iterative
HL-RF scheme for searching the MPP is given as [11]

UHL
kþ1 ¼ rTgðUkÞUk � gðUkÞ

rTgðUkÞrgðUkÞ
rgðUkÞ ð3Þ

wherergðUÞ ¼ ½@g=@U1; @g=@U2; . . . ; @g=@Un�T is the gradient vector
of the limit state function at the point U. The iterative HL-RF in Eq.
(3) shows the MPP search is dependent on the gradient vector of the
limit state function at U. This means that the steepest descent
search direction is implemented in HL-RF, thus the nonlinearity
degree of limit state in normal standard space is an important factor
for stabilizing the HL-RF formula. U is the standard normal standard
variable, which is calculated as follows [8]:

U ¼ X � le
X

re
X

ð4Þ

where, le
X and re

X are the equivalent means and the standard devi-
ations of the basic random variables X, respectively. The equivalent
means and standard deviations of non-normal random variables are
computed based on the Rosenblatt transformation i.e.
U ¼ U�1½FXðXÞ� as follows [3]:

re
X ¼ 1

f XðXÞ
u½U�1fFXðXÞg� ð5Þ

le
X ¼ X � re

XU
�1½FXðXÞ� ð6Þ

where FXð�Þ and U�1ð�Þ are the cumulative distribution function and
inverse standard normal cumulative distribution function, respec-
tively. According to Eqs. (3)–(6), the MPP search is depended on sta-
tistical characteristics of random variables, so all these random
variables should be transformed into standard normal variables U
as

U ¼ f ðX;le
X ;r

e
XÞ ð7Þ

Based on Eq. (7), the convergence of HL-RF scheme is related to
the means and standard deviations of basic random variables.

3. Improved FORM algorithms

3.1. Imroved HL-RF iterative method

The improved HL-RF (IHL-RF) is one popular FORM iterative
algorithm which is formulated as follows [15]:

UIHL
kþ1 ¼ U IHL

k þ adIHL
k ð8Þ

Nomenclature

X random variable vector
U normalized random variable vector
U⁄ most probable point
d search direction vector
b reliability index
~nf
k finite redial direction vector

dCk conjugate search direction
e stopping criterion
eh small value to satisfy angle criterion
a relaxed factor or step size
l mean vector
r standard deviation vector
g(X) limit state function in X-space

rg(�) gradient vector of performance function
[J] Jacobian matrix
f chaos control factor or finite-step size
P peak factor
Pf failure probability
U(.) cumulative distribution function
h angle between search direction vectors
fX(X) joint probability density function
k penalty coefficient
B representation of model uncertainty
q(J) spectral radius of Jacobian matrix
~ncf
k conjugate radial direction vector

~nk radial directional vector
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