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Abstract

Distributed mechanisms for allocating indivisible goods are mechanisms lacking central control, in which
agents can locally agree on deals to exchange some of the goods in their possession. We study convergence
properties for such distributed mechanisms when used as fair division procedures. Specifically, we identify
sets of assumptions under which any sequence of deals meeting certain conditions will converge to a propor-
tionally fair allocation and to an envy-free allocation, respectively. We also introduce an extension of the
basic framework where agents are vertices of a graph representing a social network that constrains which
agents can interact with which other agents, and we prove a similar convergence result for envy-freeness in
this context. Finally, when not all assumptions guaranteeing envy-freeness are satisfied, we may want to
minimise the degree of envy exhibited by an outcome. To this end, we introduce a generic framework for
measuring the degree of envy in a society and establish the computational complexity of checking whether
a given scenario allows for a deal that is beneficial to every agent involved and that will reduce overall envy.
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1. Introduction

The problem of fairly dividing a number of goods between several agents has been studied in a variety of
settings. First, we may distinguish allocation problems for divisible and for indivisible goods. The literature
on cake cutting, for instance, is concerned with divisible goods [3, 4, 5]. As for indivisible goods, we
can distinguish assignment problems [6], where each agent can consume at most a single good, from more
general settings where each agent may receive a set (or bundle) of goods [7, 8, 9]. If agents can receive sets
of goods, and if their preferences over the goods are not additively separable, then fair division becomes
a combinatorial optimisation problem. We may also distinguish whether or not to allow for monetary side
payments to be added to the bundles allocated to the agents, and if so we have to decide what assumptions
to make regarding the agents’ appreciation of money (such as quasi-linearity, for instance). Finally, there are
many different ways in which to interpret the term fairness itself [10]. For instance, we may be interested
in equitable allocations, in proportional allocations, or in allocations where agents do not envy each other.
In this paper, we adopt a model where sets of indivisible goods need to be allocated to a number of agents;
agents express their preferences in terms of valuation functions over sets of goods; and side payments are
possible and agents have quasi-linear preferences regarding money. We focus on two fairness criteria: first,
we look for solutions that are proportionally fair (i.e., where the utility of each of the n agents is at least
1/nth of the value she ascribes to the full set of goods) and, second, we look for envy-free solutions (where
no agent envies any of the other agents). (These criteria will get formally defined in Sections 3 and 4.)
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