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Abstract

In this paper, we show that all results obtained recently on fuzzy inner product spaces are obvious. To achieve this goal, we 
modify the definition of the fuzzy inner product space and then we mention and prove some monotonicity and orthogonality 
properties of the new fuzzy inner product space. Finally, we describe fuzzy inner products in terms of families of crisp inner 
products. Namely, any fuzzy inner product corresponds to a family of crisp inner products and vice versa.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

A definition of fuzzy inner product space and its associated fuzzy norm function have been firstly given by Biswas 
[3], El-Abyad and Hamouly [4]. Later, Kohli and Kumar [8] modified the definition of inner product space introduced 
in [3]. Recently, different types of fuzzy inner product space have been presented whose corresponding fuzzy norm is 
the norm introduced by Bag and Samanta [1], for more details see [6,9,10]. Hasankhani et al. [7], introduced a notion 
of a fuzzy inner product space on a linear space so that its corresponding fuzzy norm is of the Felbin type [5]. A notion 
of fuzzy n-inner product space has been used by Vijayabalaji [12,13].

In this paper, first we show that the only function which satisfies fuzzy inner product space defined by Goudarzi
and Vaezpour [6] is

F(x, y, t) =
{

1 , t > 0
0 , t ≤ 0.
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In fact we must point out that there is no function that satisfies another fuzzy inner product space defined by Goudarzia 
and Vaezpour [6]. Moreover, the only functions that satisfy fuzzy inner product space defined by Mukherjee and Bag 
[10] are given in the following two forms:

F(x, y, t) =
{

1 , t > a

0 , t ≤ a,
or F(x, y, t) =

{
1 , t ≥ a

0 , t < a,

where a ∈ R.
As seen, only some trivial functions satisfy definitions of fuzzy inner product space which have been given in 

[6,10]. Therefore, all the results obtained in [6,10] are obvious. Hence, it is necessary to modify the definition of 
fuzzy inner product space in such a way that a non-trivial example of such a space can be given. This motivates us to 
weaken the conditions of fuzzy inner product space. Then, by an example, we show that every inner product space is 
a fuzzy inner product space. Moreover, there exists a nontrivial example for the new definition of fuzzy inner product 
space. Further, it is shown that our notion of fuzzy inner product space is the fuzzy normed linear space defined 
in [1]. In addition, we define a concept of orthogonality and study some properties of orthogonal elements in fuzzy 
inner product spaces. Finally, a relationship between the fuzzy inner product with the family of crisp inner products is 
studied, and it is demonstrated that any fuzzy inner product corresponds to a family of crisp inner products and vice 
versa.

2. Fuzzy Hilbert space

First, we define the fuzzy normed linear space given by Bag and Samanta.

Definition 2.1. (See [11].) A binary operation ∗ : [0, 1] × [0, 1] −→ [0, 1] is a t-norm if it satisfies the following for 
every r, s, t, u ∈ [0, 1]:

(i) 1 ∗ t = t ,
(ii) t ∗ s = s ∗ t ,

(iii) t ∗ (r ∗ s) = (t ∗ r) ∗ s,
(iv) If t ≤ s and r ≤ u then t ∗ r ≤ s ∗ u.

Theorem 2.2. (See [11].) If ∗ is a t-norm. Then

t ∗0 s ≤ t ∗ s ≤ t ∗1 s, for all t, s ∈ [0,1],
where

t ∗0 s =
{

min{t, s} , max{t, s} = 1
0 , otherwise,

and

t ∗1 s = min{t, s}.

Definition 2.3. (See [2].) A fuzzy normed space is a triplet (X, N, ∗), where X is a real vector space, ∗ is a t-norm 
and N is a fuzzy set on X × R satisfying the following conditions for every x, y ∈ X and t, s ∈ R:

(N1) N(x, t) = 0, for all t ≤ 0,
(N2) N(x, t) = 1, for all t > 0 if and only if x = 0,
(N3) N(cx, t) = N(x, t/|c|), for all (0 �=)c ∈ R,
(N4) N(x, t) ∗ N(y, s) ≤ N(x + y, t + s),
(N5) N(x, .) : R −→ [0, 1] is a non-decreasing function and limt→∞ N(x, t) = 1.

The (X, N, ∗) will be referred to as a fuzzy normed linear space.
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