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Abstract

This paper considers the problem of the adaptive fuzzy tracking control for a class of nonaffine stochastic nonlinear systems 
without lower triangular form. By using fuzzy logic systems’ universal approximation property, an adaptive fuzzy controller is 
proposed, which guarantees that all the signals in the closed-loop system are bounded in the sense of mean quartic value and the 
output tracking error eventually converges to a small neighborhood around the origin. Simulation results are provided to illustrate 
the effectiveness of the proposed scheme.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

During the past decades, many scholars have dedicated much effort to handle the stability analysis and control 
design for nonlinear systems and some interesting control algorithms have been proposed, such as adaptive control 
[24], backstepping control [16], fault tolerant control [41,42], and so on. Among them, adaptive backstepping control, 
a recursive design procedure, has become a powerful tool for controlling strict-feedback nonlinear systems with un-
certain parameters, and many significant developments have been achieved, for example, see [7,16] for deterministic 
nonlinear systems and [10,15,20,21,37,38] for stochastic cases. To extend the applications of adaptive backstepping 
control, approximation-based adaptive fuzzy (or neural) control approaches were developed to deal with the tracking 
or regulation control problems of nonlinear systems with unknown functions. The main idea of the adaptive fuzzy or 
neural control methodology is that fuzzy-logic systems or neural networks are applied to approximate the unknown 
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nonlinearities in system dynamics, and the classical adaptive technique is used to construct controllers based on back-
stepping technique. Up to now, many valuable results on adaptive fuzzy or neural control for strict-feedback nonlinear 
systems have been reported in the literature [2–5,8,9,14,17–19,22,23,25–29,36,39,44,45] and the references therein.

The nonaffine pure-feedback systems representing a more general class of lower-triangular systems have no affine 
appearance of the variables to be used as virtual control signals or actual control signal, which makes the control of 
nonaffine pure-feedback nonlinear systems difficult and challenging. In practice, many control systems can be directly 
described by or transformed into non-affine structure, such as biochemical process, mechanical systems, Duffing os-
cillator, and so on [16]. In recent years, many researchers have paid much more attention to the controller design 
and stability analysis for nonaffine nonlinear systems [11,13,30,31,35,46]. In [13], by combining the backstepping 
methodology with adaptive neural design, several special cases of pure-feedback systems where the last one or two 
equations were assumed to be in affine form are investigated. Furthermore, some elegant control approaches were 
developed for completely pure-feedback systems [30] and other cases, such as pure-feedback systems with time-delay 
[35], deterministic disturbances [11]. More recently, approximation-based adaptive control of pure-feedback stochas-
tic nonlinear systems has received increasing interest. In [43], an adaptive fuzzy tracking control scheme was proposed 
for a class of pure-feedback stochastic nonlinear systems which requires that the first n − 1 subsystems are in affine 
form whereas the last differential equation is in non-affine form only. Thereafter, by combining adaptive backstep-
ping together with fuzzy systems or neural networks, several control approaches were developed for state-feedback 
control in [6,32,33] and output-feedback control in [12] to completely pure-feedback stochastic nonlinear systems. 
Although a large amount of work has been carried out on the construction of backstepping-based adaptive controllers 
for pure-feedback stochastic nonlinear systems, all the aforementioned control approaches are only feasible under the 
condition that the considered systems are in lower-triangular structure. It is difficult to control the system when each 
subsystem function contains the whole system state variables. The main reason is that, during backstepping design, 
virtual control signal αi which is designed in Step i to guarantee the stability of the first i subsystems must be the 
function of the current state vector [x1, . . . , xi]T only. When the diffusion terms ψi(.) in the ith subsystem is a non-
linear function of the whole state variables, how to design the virtual control signal αi which is independent of the 
state variables xj (j = i + 1, . . . , n) is the main difficulty to be handled.

Based on the above observations, an adaptive fuzzy control method is presented for a class of nonaffine stochastic 
nonlinear systems via backstepping. It is proven that the proposed controller can guarantee that all the signals in 
the closed-loop system are bounded in the sense of mean quartic value, and the tracking error converges to a small 
neighborhood around the origin. The main contributions of this paper are twofold: i) a backstepping-based control 
methodology is systematically developed for a class of nonaffine stochastic nonlinear systems without lower triangular 
structure; ii) by estimating the maximum value of the norm of weight vector of fuzzy systems, only one adaptive 
parameter is needed for an n-order nonlinear systems. In this way, the computational burden is alleviated significantly, 
which might render this control design more suitable for practical applications.

The remainder of this paper is organized as follows. The problem formulation and preliminaries are given in 
Section 2. An adaptive fuzzy control scheme is presented in Section 3. The simulation examples are given in Section 4, 
and followed by Section 5 which concludes the work.

2. Problem formulation and preliminaries

In this paper, we consider a class of stochastic pure-feedback nonlinear system in the following form:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dxi = fi(x̄i , xi+1)dt + ψT
i (x)dw,1 ≤ i ≤ n − 1,

dxn = fn(x̄n, u)dt + ψT
n (x)dw,

y = x1,

(1)

where x = [x1, x2, . . . , xn]T ∈ Rn, u ∈ R and y ∈ R are the state variable, system input, and system output, respec-
tively, x̄i = [x1, x2, . . . , xi]T ∈ Ri , w is an r-dimensional standard Brownian motion defined on the complete proba-
bility space (�, F, {Ft }t≥0, P) with � being a sample space, F being a σ -field, {Ft }t≥0 being a filtration, and P being 
a probability measure. The drifting terms fi(·) : Ri+1 → R and the diffusion terms ψi(·) : Rn → Rr, (i = 1, 2, . . . , n)

are unknown smooth nonlinear functions.
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