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a b s t r a c t 

Several inequalities for the pan-integral are investigated. It is shown that the Chebyshev 

inequality holds for an arbitrary subadditive measure if and only if the integrands f , g are 

comonotone. Thus, we provide a new characterization for nonnegative comonotone func- 

tions. It is also shown that the Hölder and Minkowski inequalities for the pan-integral 

hold if the monotone measure μ is subadditive. Since the pan-integral coincides with the 

concave integral when μ is subadditive, our results can also be applied to the concave 

integral. 

© 2016 Published by Elsevier Inc. 

1. Introduction 

Monotone measures and related integrals (the Sugeno and Choquet integrals [4,23] for example) have been turned out to 

be useful in information system and related fields [5,11] . On the other hand, inequalities for classical integral are useful tools 

in several theoretical and applied fields. For example, the Hölder and Minkowski inequalities are crucial in L p space theory, 

and Jensen’s inequality plays a role in information theory. So the investigation of inequalities based on various nonlinear 

integrals is an important topic and we witness a large number of literatures in this area [3,19–21] . 

Take for example the Chebyshev inequality of the Sugeno and Choquet integrals. Mesiar and Ouyang [14,16] proved that, 

if f , g are comonotone (i.e., ( f (x ) − f (y ))(g(x ) − g(y )) ≥ 0 holds for any x , y ∈ X [22] ), then 
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(1.1) 

holds for a continuous binary operation � on [0, ∞ ) with some additional moderate conditions, while Girotto and Holzer 

[6] proved that two nonnegative functions f , g are comonotone if and only if 
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holds for any monotone measure μ with μ( X ) < ∞ . On the other hand, Girotto and Holzer [7] proved the Chebyshev 

inequality for the Choquet integral, that is, if nonnegative functions f , g are comonotone, then 
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They also proved that if (1.3) holds for any monotone measure μ with μ( X ) < ∞ then the nonnegative functions f , g are 

comonotone(see [7] ). Noticing that (C) 
∫ 

X χX dμ = μ(X ) , (1.3) can be rewritten as (
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)(
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≥
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gdμ
)
. (1.4) 

Obviously, (1.4) also holds for the Lebesgue integral. We will see that (1.4) remains true for the pan- and concave integrals 

under some additional restrictions, whereas (1.3) may fail. 

The Hölder and Minkowski inequalities also received much attention. Under the assumption that the monotone measure 

is submodular(see next section for the submodularity of monotone measure), Wang [27] proved these two inequalities for 

the Choquet integral, while the inequalities for Sugeno integral were discussed in [1,28] . 

In the literature, there are some other important types of nonlinear integrals, including, among others, the pan-integral 

[26] and the concave integral [8,9,13] . So far, the investigations of inequalities for these two integrals are missing. In this 

paper, we will go forward along this line. Concretely, we will discuss the Chebyshev, Hölder and Minkowski inequalities for 

the pan-integral. Our main assumption is the subadditivity of the monotone measures. Since the pan-integral coincides with 

the concave integral for a subadditive measure, our results remain true for the concave integral. 

The paper is structured as follows. In Section 2 , we recall some basic knowledge about monotone measure and the 

concave and pan- integrals. In Section 3 , we prove the Chebyshev inequality under the frame of pan-integral, our result 

gives a new characterization for comonotonicity of nonnegative measurable functions. We discuss the Hölder and Minkowski 

inequalities for pan-integral in Section 4 , and then conclude the paper with some concluding remarks. 

2. Preliminaries 

Let (X, F ) be a measurable space, i.e., X is a nonempty set and F a σ -algebra over X . Each element A of F is called a 

measurable set. All the sets appeared in this paper are supposed to be measurable. A set function μ : F → [0 , ∞ ] is called 

a monotone measure if it satisfies: 

(i) μ(∅ ) = 0 and μ( X ) > 0; 

(ii) μ is monotone, that is μ( A ) ≤ μ( B ) for any A, B ∈ F with A ⊂ B . 

A measurable space (X, F ) equipped with a monotone measure μ is called a monotone measure space. A mono- 

tone measure μ is called continuous from below if lim n →∞ 

μ(A n ) = μ(A ) whenever A n ↗ A ; supermodularity (or convex- 

ity ) if μ(A ∪ B ) + μ(A ∩ B ) ≥ μ(A ) + μ(B ) for any A, B ∈ F; superadditivity if μ(A ∪ B ) ≥ μ(A ) + μ(B ) for any A, B ∈ F with 

A ∩ B = ∅ ; submodularity (or concavity ) if μ(A ∪ B ) + μ(A ∩ B ) ≤ μ(A ) + μ(B ) for any A, B ∈ F; subadditivity if μ(A ∪ B ) ≤
μ(A ) + μ(B ) for any A, B ∈ F with A ∩ B = ∅ (see [4] , for example). Note that, for a monotone measure, the submodular- 

ity (supermodularity, resp.) implies the subadditivity(superadditivity, resp.), but the converse is not true. 

A function f defined over a measurable space (X, F ) is called measurable if, for each B ∈ B(R ) (the Borel algebra over 

R ), the preimage f −1 (B ) is an element of F . In this paper, all the functions concerned are supposed to be measurable and 

nonnegative. 

Let (X, F , μ) be a monotone measure space and f : X → [0, ∞ ) be a nonnegative measurable function. Then the Choquet 

integral of f with respect to μ can be given by (see [13] , for example) 
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where the right-hand side integral is the improper Riemann integral and F α = { x : f (x ) ≥ α} is the α-level set of f . 

For A ∈ F , a sequence of sets { A i } n i =1 
⊂ F is said to be a partition of A if 

⋃ n 
i A i = A and A i ∩ A j = ∅ , i  = j. Recall that the 

pan-integral(with respect to + , ·) of a nonnegative measurable function f can be defined via ∫ pan 

f dμ = sup 

{ n ∑ 

i =1 

λi μ(A i ) : 
n ∑ 

i =1 

λi χA i ≤ f, 

{ A i } n i =1 ⊂ F is a partition of X, λi ≥ 0 , n ∈ N 

} 

. 

and 

∫ pan 
A 

f dμ = 

∫ pan 
X 

f · χA dμ. 

In [26] Wang and Klir proved that the pan-integral is greater than or equal to the Choquet integral if μ is subadditive 

and, the pan-integral is less than or equal to the Choquet integral if μ is superadditive. 
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