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In this study we propose a new approach to granular modeling of time series. In contrast to the existing
fuzzy set-based models of time series, we engage information granules in time (granulation resulting in
temporal segments). This method subsequently gives rise to information granules formed in the repre-
sentation space of the series (in particular, the space of amplitude and space of changes of amplitude).
Initially the time series is approximated as the sequence of granules forming a so-called granular time
series (GTS). To develop a forecasting (prediction) model of the GTS, we cluster all information granules
and regard the centers of the clusters obtained through fuzzy clustering as the concepts of the fuzzy cog-
nitive map (FCM). We propose a matching mechanism to carry out description of the GTS and form the
results as a vector of the concepts’ activations. In this way the GTS is represented as the sequence of vec-
tors of the concepts’ activations, which is forecasted by the FCM. At the conceptual level, the forecasted
granule is the FCM concept associated with the maximal degree of activation. At the numeric level, the
predicted granule regarded as a fuzzy set is described in terms of its bounds and modal value. Exper-
imental studies involving publicly available real-world data demonstrate the usefulness and satisfactory
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efficiency of the proposed approach.
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1. Introduction

Modeling time series is an important and challenging prob-
lem that has long been addressed by many researchers. Less well-
known are the approaches that rely on the approximation of time
series aiming to construct their higher-level representation.

Let us first observe that in several application domains the in-
formation on accurate numerical values of time series is less im-
portant; only knowledge of their approximation is required. For ex-
ample, in the case of meteorological data analyzed in daily time
scale (24-h intervals), it is important to predict minimal and max-
imal daily temperatures [1]. Also, the expected range of precipi-
tation for every day is important because it influences water de-
mand, which in turn affects the management of local water re-
sources [2,3]. Apart from the ranges in which the daily tempera-
tures and precipitation fall, it is beneficial to predict at least an
approximated distribution of the amplitude or changes in ampli-
tude of time series for the next day. Another example comes from
the stock market. Information about the possible change of stock
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prices in the forthcoming period substantially influences the deci-
sions of investors. They are usually not interested in the short-term
random component of the time series, but rather in the range into
which the stock prices are expected to fall in the following daily,
monthly or even longer time periods. Also in this case, information
on the distribution of data within the specified intervals is bene-
ficial to investors. In both examples mentioned above, instead of
forecasting numerical time series, there is an interest in model-
ing and realizing forecasting at the level of symbols or information
granules.

When looking at the stated problem from a general perspective,
we encounter the issues of specificity and generality. On the one
hand, we have to deal with crisp, real-valued observations that are
usually hard to predict. On the other hand, we generalize source
data, making the representation less accurate but in turn increas-
ing the likelihood of a good performance due to the operation at a
higher level of abstraction.

The performance measures used for the numerical and granu-
lar forecasts are not directly comparable. However, when creating
more abstract representations of time series, we attempt to get rid
of the included random component that, apart from its statistical
properties, is hard to predict. Moreover, we approximate time se-
ries, taking into account a specific criterion (which in our case is
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Fig. 1. General idea of the proposed approach.

the compromise between the generality and specificity of the rep-
resentation). In this way we deal with the sequence of granules
approximating numerical time series. The sequence of these gran-
ules is forecasted. The perfect forecast of this sequence is achieved
when the actual and forecasted granules are equal. The perfor-
mance of the forecasting is measured in terms of the overlap be-
tween the actual and forecasted granules. The more overlap rec-
ognized between these granules, the better the obtained forecast.
For the measurement of the overlap between the granules, we pro-
pose a new function (to be explained later) expressed by formulas
(28) and (29) for the amplitude and the change of amplitude or
time series, respectively.

One of the approaches used in the approximation of raw data
is information granulation. For example, concept learning from raw
data via multi-granularity has been used in [4]. By using granula-
tion, it is possible to form a higher-abstraction model represent-
ing time series [5]. The outcome of the granulation is the granu-
lar time series (GTS), which is subject to forecasting. The ease of
human interpretation of the GTS is one of the benefits of granula-
tion. For the forecasting of the GTS, a specialized granular model
is required. This model is used to predict the sequence of granules
instead of the numerical time series.

In Section 2 we provide a review of previous works related
to the modeling and forecasting of granular time series. We also
stress in that section the originality of our study with respect to
the previous studies.

There are two main objectives of this study:

1. Approximation of numerical time series, aiming to represent
them in the form of the GTS.

2. Construction of an effective model for the forecasting of the
previously formed GTS.

The general idea behind the proposed approach is illustrated in
Fig. 1.

To perform the approximation of time series, we partition the
time domain of the series into intervals of the same length. For
every interval, we construct an information granule in the form of
a triangular fuzzy number. These information granules are devel-
oped with the use of the principle of justifiable granularity (PJG).
The sequence of the granules is the granular time series. We refer
to this process as the first phase of information granulation.

The PJG is a general method for the construction of data repre-
sentation in the form of entities called granules. In comparison to
clustering techniques, the PJG does not explicitly consider the dis-
tance between data points. Instead, the PJG optimizes the parame-

ters of the granules, finding a trade-off between the two criteria of
generality and specificity. For these contradicting criteria, the user
specifies the related functions that depend on the dimensionality
of data and the planned application. The goal of the optimization
performed by the PJG is to form the most appropriate (justified)
representation of data in terms of the two provided functions.

When it comes to the second objective, to form the forecasting
model of the GTS, we cluster all previously obtained granules by
regarding them as entities described in a three-dimensional space,
namely by the use of their bounds (a,b) and modal values (m). The
representatives of the clusters become the concepts used in the
fuzzy cognitive map. We call this process the second-phase gran-
ulation, and the concepts of the FCM the second-phase granules.
In addition, to interpret the GTS at a conceptual level, we order
the second-phase granules with respect to their modal values and
assign them linguistic terms, e.g., 'LOW’, 'MEDIUM’, "HIGH’ (as pre-
sented in Fig. 1).

To perform the forecasting of the GTS, we need to discover and
exploit temporal relationships between the second-phase granules.
To accomplish this task, we decided to apply the FCM model. FCMs
are a specific type of artificial neural network (ANN). However, in
the case of FCMs there is no need to specify input and output
nodes, as there usually is for most ANNs. All nodes of the FCM
play both roles. After initiating the states of the FCM’s concepts,
the reasoning formula is used enabling to forecast the future states
of all concepts. In addition, contrary to most applications of ANNs,
FCMs do not contain hidden nodes. All FCMs concepts are explic-
itly related to data. Thanks to this, the laborious task of selecting
the number of hidden nodes and hidden layers of the ANN is no
longer necessary. From a practical point of view, recent studies re-
vealed excellent performances from FCMs for the time series fore-
casting task [6-9].

To form the forecasting model of the GTS, we assume the
second-phase granules as the concepts of the FCM. The concepts
play a role similar to that of the regressors in auto-regressive fore-
casting models. The connections (directed arcs) between the con-
cepts are interpreted as the temporal dependencies recognized be-
tween the regressors. Note that the concepts are ordered accord-
ing to the linguistic terms assigned to them - this means that the
arc between two concepts specifies the dependency between the
linguistic values of the time series observed at consecutive time
stamps. In addition, every of the discovered arc is labeled by the
weight, which is the strength of the considered relationship. The
strengths of the relationships between concepts are crucial for the
effectiveness of forecasting demonstrated by the FCM; therefore,
we perform genetic optimization to adjust them.

To make the proposed model functional, the relationships of ev-
ery first-phase granule to all second-phase granules (the concepts
of the FCM) are described by the vector of numerical values. To cal-
culate the elements of this vector, we propose a specialized func-
tion evaluating the degree of matching between granules. Conse-
quently, for the entire GTS, we obtain the sequence of activation
vectors of the FCM concepts. The FCM is then applied to the fore-
casting of the activation vectors. The result of this forecasting is
twofold. At the conceptual level, it is the concept with the high-
est predicted activation grade. This concept represents the cluster
in which the predicted granule is expected to fall. The predicted
state of the FCM is degranulated to come up with the numeric re-
sults. As the second result of prediction, we obtain the first-phase
granule that predicts the GTS in the following time interval.

The key contributions of this study can be summarized as fol-
lows:

« We propose a new approach to granular modeling of time se-
ries. This approach is based on two phases of information gran-
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