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Graph matching is important for a wide variety of applications in different domains such as social net-
work analysis and knowledge discovery. Despite extensive research over the last few decades, graph
matching is still challenging particularly when it comes with new conditions and constraints. In this pa-
per, we focus on a new class of graph matching, in which each node can accept multiple labels instead of
one. In particular, we address the problem of finding the top-k nodes of a data graph which best match
a labeled query node from a given pattern graph. We firstly prove this to be an NP-Complete problem.
Then, to address this issue and improve the scalability of our approach, we introduce a more flexible
graph simulation, namely surjective simulation. This new graph simulation reduces the unnecessary com-
plexity that is due to the unnecessary constraints imposed by the existing definitions while achieving
high-quality matching results. In addition, our approach is associated with an early stop strategy to fur-
ther boost the performance. To approximate the maximum size of a simulation, our approach utilizes
Metropolis Hastings algorithm and ranks the top-k matches after computing the set of surjective simu-
lations. The experimental results over social network graphs demonstrate the efficiency of the proposed
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approach and superiority over existing approaches.
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1. Introduction

Graph pattern matching is fundamental to various applications
in many domains including, but not limited to, social computing
[1], computer vision [2] and computational chemistry [3]. It has
been extensively studied in different contexts within the past few
years. Assorted types of conditions and requirements impose dif-
ferent constraints on pattern matching techniques. In general, pat-
tern matching aims to solve the problem of finding subgraphs of a
given data graph G, which match a given pattern graph Q. One of
the particular conditions, i.e., processing graphs with labeled nodes
[4], is increasingly receiving attention.

The existing approaches for labeled graph pattern matching use
a particular definition of labeled nodes where each node is associ-
ated with a single label [1]. Thus, for the pattern Q and the data
graph G, the nodes of G can be categorized based on the set of
labels of nodes in Q without any conflict. This approach is use-
ful for many applications in social computing but does not cover
some of the new domains, such as the Internet of Things [5], and
some sophisticated problems in social networks, i.e., when the la-
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bels are uncertain or when the data is incomplete. In any of these
cases, assigning a single label to each node could be unrealistic and
we need to define graphs with multi-labeled nodes. However, using
multi-labeled graphs compared to the single-labeled graphs can
potentially increase the complexity of the problem. In this case,
revising the current pattern matching approaches for multi-labeled
graphs is beneficial.

Example 1. To provide a clear image of the problem, in this paper
we explain an application in the context of the Internet of Things.
For example, a search service extracts the pattern graph from one
network of things and the data graph from another. Fig. 1 illus-
trates two graphs that are obtained from these two networks. Each
edge represents a relationship between two nodes in the same net-
work.

Each node (i.e., a thing) is described with a set of meta-
data about its sensors and actuators. We can take each tag as
a label due to some reasons including (1) there is not univer-
sal description for things connected to the network, and (2)
each node can be registered partially on different networks.
The labels are selected from a language X.s = {sensor/thermal,
sensor/weather, sensor/signal, sensor/current, sensor/motion}
and X.a = {actuator/screen, actuator/switch, actuator/fan, actua-
tor/speaker, actuator/alarm}. Table 1 shows the labels assigned to
each node.
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Table 1
The set of label assignments.
Node Labels
Uy Lso, sy, Lag, Las
173 Lsy, Ls3, Lay, Las
U3 Lsy, Ls3, Lay, Las
Uy Lso, Ls1, Lag, La;
V1 Lsy, Ls3, Lay, Las
vy Lso, Ls1, Lag, Lay
V3 Lsy, Lsy, Ls3, Lay, Lay
Vq Lsy, Lag, Lay, La;
Vs Lss, Lag, Lay, Las
Vg Lsg, Lsq, Lag, La;
v Lsq, LSy, Ls3, Las
Vg Lso, Lso, Lag, La;
Vo sy, Lsy, Ls3, Lag
Vip L.so, Lsy, Lag, Lay, Lay
Vi Lsy, Lsy, Lay, Lay
V2 LS, Lsq
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Fig. 1. Querying two networks of things (a) the pattern graph, (b) the data graph.

Table 2
Nodes with label similarity above threshold.

Query graph node Similar data graph node

Uy V2, V6, V12

Uy V1, V3, Vs, V7

us V3, V7

Uy V2, V6, V8, V10, V12

To examine the similarity between two nodes, we use a simi-
larity ratio as follows:

_ L) nL(v))|
L) UL(v))|

where |L(v;)nt(v;)| denotes the number of common labels between
two nodes and |L(v;)| denotes the number of the labels of v;. We
can compare the similarity score with a threshold t.

Based on the present model, if we set the similarity threshold
as 0.5, for each node u; € Q, Table 2 lists the nodes v; € G that can
be a match. All of the nodes from the data graph appear more than
once in the set of similarity lists. Due to this conflict, no unique la-
bel can be associated with any of the nodes. For instance, although
vy is specified a match of the query node (u7), it can match node
uy4 as well. The set of similarity lists is more complex than the case
when each node is assigned only one table. This is because in that
case, each node of the data graph would appear only once in the fi-
nal list. Therefore, the pattern matching process can be more com-
plex and new situations must be considered.

(1)

s(v;, vy)

With the increasing complexity and volume of graphs in new
contexts such as social networks and the Internet of Things, per-

formance will be the main issue that we should tackle when we
revise graph pattern matching for multi-labeled graphs. The typi-
cal definitions of graph simulation are generally too restrictive to
be applied for this purpose. Nonetheless, computing all of the pos-
sible simulations will result in the inefficiency of any solution. In
order to tackle these challenges, we propose a novel approach for
graph pattern matching for multi-labeled graphs, and briefly, our
contributions in this paper are as follows:

+ We introduce the concept of surjective simulation, which is
more flexible than graph simulation and bounded simulation.
Through the use of surjective simulation, the proposed ap-
proach can notably reduce the complexity of simulation cre-
ation step to |Vp||V]. With this concept, we can optimize the
process via removing the simulations that do not contain any
match of the query nodes.

To avoid going through the computation of each simulation
to get its size, we propose an approximation procedure based
on the Metropolis-Hastings Algorithm. We also devise an early
stop mechanism when (1) we have at least k nodes in the re-
sults and (2) the size of the smallest simulation is equal to or
greater than the rest of surjective simulations.

We evaluate the proposed approach via extensive experimen-
tal studies. The results show the efficiency of our approach and
verify the superiority of our approach over existing approaches.

The rest of this paper is organized as follows. In Section 2 we
define the problem. A naive approach based on a very recent work
is provided in Section 3. We provide necessary background in
Section 4. Then in Section 5 we show how we can compute the set
of the top-k results using the proposed concept of surjective simu-
lation with the Metropolis—Hastings algorithm. Section 6 presents
the experimental results. Finally, Section 7 reviews the related
works and Section 8 provides some concluding remarks.

2. Problem formulation

Before presenting our approach for graph pattern matching, we
first formally define the problem that we are going to investigate.
Multi-labeled graph pattern matching is the task of matching the
nodes of a given pattern graph Q with a data graph G based on
structural similarity, where each node is given a set of labels.

Definition 1. Graph A graph is represented as G = (V, E,L) where
(1) V={v1,1,,...,vp} is a set of nodes; (2) ECV x V is a set of
edges; and (3) L={l;: l; eV x X} is a mapping that relates each
node to a set of assigned labels from language X.

Definition 2. Pattern Graph [4,6] A pattern graph is a directed and
connected graph Q = (Vp, Ep, Lp, u*), where (1) V} is a set of query
nodes; (2) Ep is a set of query edges; (3) L,CV, x X is a mapping
that links every node u € V) to a set of labels in £,c3; and (4)
u* € V) that specifies the query node.

Definition 3. Graph Simulation [6] A graph G matches a pattern Q
iff there exists a binary relation SCV, x V such that (1) for each
node u € Vj, there exists a node v € V such that (u, v) € S, referred
to as a match of u; (2) for each pair (u, v) € S, L(u) = L(v), and for
each edge (u, u’) in Ep, there exists an edge (v, V') in G such that
(u',v') eS.

A top-k problem can be defined in the following. Given a sur-
face I'(x, y), a function f(x, y): x, y — D, a scoring function §(f), and
a positive integer k, it is to find a subset ¢CD, such that |¢| =k
and

¢ = argmax Y 8(f) 2)

ST 1gI=kyer
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