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1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G), and let |G| = |V(G)|. The distance between two
vertices u and v of G, denoted by d(u, v|G), is the length of a shortest path connecting them. The diameter of a graph G is the
maximum distance between any two vertices of G. We use Cy, S;; and P, to denote a cycle, a star and a path, respectively,
each on n vertices.

For any e = uv € E(G), n,(e|G) is the number of vertices of G lying closer to vertex u than to v, and n,(e|G) is the number
of vertices of G lying closer to vertex v than to u. The Szeged index of the graph G is defined as

S(Q) =) mlelGnyelG).

e=uveE(G)

The Szeged index coincides with the Wiener index on trees [3]. The Szeged index has received much attention for both its
mathematical properties and chemical applications, see [4,7]. In particular, Khadikar et al. [6] described various applications
of Szeged index for modeling physicochemical properties as well as physiological activities of organic compounds acting as
drugs or possessing pharmacological activity.

A (n, m)-graph is a connected graph with n vertices and m edges. Obviously, a (n, n— 1)-graph is a tree. A connected graph
is said to be unicyclic (resp., bicyclic, tricyclic) if it is a (n, n)-graph (resp., (n, n + 1)-graph, (n, n 4+ 2)-graph). Dobrynin [2]
showed that KL% 5,78 is the unique graph with maximum Szeged index in the set of all connected graphs with n vertices.
Gutman [3] determined the n-vertex unicyclic graphs with maximum and minimum Szeged indices, respectively. Simi¢
et al. [11] determined the n-vertex bicyclic and tricyclic graphs with maximum and minimum Szeged indices, respectively.
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Fig. 2. The graphs C3(P’;d;1}z. PH;JJJA 1)andT, , 14

Zhou et al. [14] characterized the n-vertex unicyclic graphs of cycle length g (3 < g < n) with maximum and minimum
Szeged indices, respectively. For other results on the Szeged index, we refer to [1,5,8,13].

Liuand Pan [9] determined the graph with minimum Wiener index among the n-vertex trees with given diameter. Ren and
Shi[10]and Tan[12] independently determined the graph with minimum Wiener index among the n-vertex unicyclic graphs
with given diameter. In this paper, we characterize the graph with minimum Szeged index among the n-vertex unicyclic
graphs with given diameter.

Let G be a unicyclic graph of order n with diameter d. Then 1 < d < n — 2.Ifd = 1, then G = C5. Hence throughout the
paper, we assume that 2 < d < n — 2. Our main result is the theorem below. In order to state our result, we need more
notations.

Let Iy, I, and a be three nonnegative integers. Let P;, ¢ be a path on I; + 1 vertices with terminal vertex u and Py, 1 be a
path on [, + 1 vertices with terminal vertex v. Let S 1 be a star on a + 1 vertices with center vertex w. We denote by Pﬂ b
the tree obtained from Py, 11, P;,41 and S, by identifying u, v and w to v/, and call v’ the root vertex of Pﬂ b (see Fig. 1). For
convenience, we write P for P} ; (see Fig. 1). Note that Pj o = Sa1.

Let C3(P" a1 d] 2 PLd 1410 S1) be the graph obtained from cycle C3 = vqv,v3v; by identifying the root vertex ofP"d d] 12 with
vy, and ldentlfymg one end vertex ofP 14 with v, (see Fig. 2).
Theorem 1.1. Among the unicyclic graphs of order n with diameter 2 < d < n— 2, C3(P" d :’2 PLd 14 S1) is the unique graph
with minimum Szeged index.

The rest of this paper is organized as follows. In Section 2, we introduce some useful lemmas. In Section 3, we present
some transformations of graphs which keep the diameter and order of the graphs, but decrease the Szeged index of the
graphs. In Section 4, Theorem 1.1 is proved.

2. Useful lemmas

Recall that the Wiener index of a graph G is defined as

Z d(u, v|G), (2.1)

{u,0}CV(G)
and that if G is a tree, then
W(G) = Sz(G). (2.2)
By (2.1) and (2.2), the lemma below holds immediately.
Lemma2.1. Let [P , | = n. Then W(P{ ) = a(n — 1)+ Y gji(n — ) + Y7 gi(n — ).
In the following, we present some useful results on the Wiener index.
Lemma 2.2 ([14]). Let T be a n-vertex tree different from S, and P,. Then

n®—n
6 .

(n—17 = W(S,) < W(T) < W(P,) =
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