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1. Introduction

A secret-sharing scheme on a simple graph G is a protocol by which the dealer distributes the shares among the vertices of
G privately in such a way that only the sets of vertices containing an edge of G can recover the secret, and the shares given
to any independent set in G reveal no information about the secret. If we let the random variable ¢s be the secret and ¢, be
the share of v, v € V(G), then a secret-sharing scheme X on G is a collection of random variables ¢s and ¢,, for all v € V(G),
with a joint distribution such that

(i) ifuv € E(G), then ¢, and ¢, together determine the value of ¢s;
(ii) ifA € V(G)is an independent set in G, then ¢s and the collection {¢,|v € A} are statistically independent.

The information ratio of the scheme X can be defined, using Shannon entropy H, as Ry = max,ev(){H(¢,)/H(¢s)} and
the average information ratio of X' is defined as ARy = Zvev(G)H(gv)/( |V(G)|H(Zs)). The optimal information ratio R(G) of G

and the optimal average information ratio AR(G) of G are the infimum of the information ratio and the average information
ratio over all possible secret-sharing schemes on G respectively.

Due to the difficulty of determining the exact values of R(G) and AR(G), most known results give bounds on them
[2-8,10,13,15-18]. The exact values of the optimal average information ratio of most graphs of order no more than five
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Notations

R(G): the optimal information ratio of G

AR(G):  the optimal average information ratio of G
V(G): the vertex set of G

E(G): the edge set of G

ng: the vertex-number sum of the star covering IT

girth(G): the girth of G

c*(T): the minimum size of a core cluster of G

o(T): the independence number of G

gc(v): the degree of v in G

Gr: a directed graph induced by a star decomposition I7 of G

Gp[V']: the subgraph of Gr induced by vV’ _
dgn(v): the indegree of v in the directed graph G

m,: the number of directed edges in én whose heads are in V' C V(G) and whose tails are outside V’
Eqy: the fan associated with the maximum independent set L

H+ E,j: the extended graph of the subgraph H of G by adding the edges in E,j toH

diam(H): the diameter of G

d(eqy, e): the distance of two distinct edges e; and e, of G

Ce: the unique cycle in the unicycle graph G

Z the collection of all odd unicycle graphs with at least one Type I subtree and all even unicycle graphs

and the optimal information ratio of most graphs of order no more than six have been determined [7,13,18]. Before 2007,
apart from a specially defined class of graphs [6], the paths and cycles were the only infinite classes of graphs whose optimal
information ratio and optimal average information ratio are known. Csirmaz and Tardos’s [ 12] excellent work appeared in
2007. They determined the exact value of the optimal information ratio of all trees. In 2009, Csirmaz and Ligeti [ 11] showed
that R(G) = 2 — 1/d, where d is the maximum degree of G, for any graph G satisfying the following conditions: (i) every
vertex has at most one neighbor of degree one; (ii) vertices of degree at least three are not connected by an edge; (iii) the
girth of G is at least six. In 2012, Lu and Fu [14] went on settling the exact values of the optimal average information ratio
of all trees. Recently Beimel et al. [ 1] investigated the total share size of secret-sharing schemes realizing very dense graphs
and showed excellent results. In this paper, we deal with the optimal average information ratio of unicycle graphs and some
bipartite graphs.

This paper is organized as follows. In Section 2, we recall basic definitions and some known results. Some bounds on the
optimal average information ratio for general graphs are derived in Section 3. In Section 4, we investigate the problem for
bipartite graphs and determine the exact values of this ratios for some infinite classes of bipartite graphs. This extends the
result in [ 14]. Subsequently, we determine the values of the optimal average information ratio for some unicycle graphs and
give good bounds on this ratio for all unicycle graphs in Section 5. A concluding remark will be given in Section 6.

2. Preliminaries

In this section, we introduce some basic notions and important results for our discussion in the following sections. All
graphs considered in this paper are simple connected graphs without loops and isolated vertices. The vertex number |V(G)|
of a graph G is called the order of G and the edge number |E(G)| of G is the size of it. In addition, the minimum length of a
cycle in G is referred to as the girth of G and is denoted as girth(G). We collect all the notations used at the end of this paper.
For connected graphs with at least two vertices, it is well known that R(G) > AR(G) > 1[9] and that R(G) = 1 if and only if
AR(G) = 1. Birckell and Davenport [2] have given a complete characterization of the graphs with R(G) = 1.

Theorem 2.1 ([2]). Suppose that G is a connected graph. Then R(G) = AR(G) = 1ifand only if G is a complete multipartite graph.

For graphs which are not complete multipartite, we consider bounds on AR(G). The average information ratio of any
secret-sharing scheme on G makes a natural upper bound on AR(G). Stinson’s decomposition construction [17] enables us
to build up a secret-sharing scheme on a graph via its complete multipartite covering. A complete multipartite covering of a
graph G is a collection of complete multipartite subgraphs IT = {Gy, G, ..., G;} of G such that each edge of G appears in at
least one subgraph in this collection. The sum n; = Zﬁ;l |V(G;)| is called the vertex-number sum of IT.

Theorem 2.2 ([17]). Suppose that IT = {G4, G, ..., G} is a complete multipartite covering of a graph G of order n. Then there
exists a secret-sharing scheme X on G with average information ratio ARy = np/n.
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